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e begin with a study of operations and the
Weﬂ'ects they measure. We define the probabil-
ity that an effect a occurs when the system
is in a state p by P,(a) = Tr(pa). If P,(a) # 0 and
I is an operation that measures a, we define the con-
ditional probability of an effect b given a relative to 7
by P,(b | a) = Tr[L(p)b]/P,(a). We characterize when
Bayes’ quantum second rule P, (b | a) = % Py(a|b)
holds. We then consider Liiders and Holevo opera-
tions. We next discuss instruments and the observ-
ables they measure. If A and B are observables and
an instrument / measures A, we define the observ-
able B conditioned on A relative to 7 and denote it
by (B | A). Using these concepts, we introduce Bayes’
quantum first rule. We observe that this is the same as
the classical Bayes’ first rule, except it depends on the
instrument used to measure A. We then extend this to
Bayes’ quantum first rule for expectations. We show
that two observables B and C are jointly commuting
if and only if there exists an atomic observable A such
that B= (B | A) and C = (C | A). We next obtain a gen-
eral uncertainty principle for conditioned observables.
Finally, we discuss observable conditioned quantum
entropies. The theory is illustrated with many exam-
ples.
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1 Effects and Operations

It is sometimes stated that all probabilities in quantum
mechanics are conditional probabilities and there is some
sense to this statement. Underlying most quantum ex-
periments or observations, there are basic observables A;
and calculations are performed according to the outcomes
obtained for A;. For example, many quantum experiments
consist of scattered particles and these involve the posi-
tions A; of the various particles. The probabilities for
another observable is thus conditioned by the outcomes
of A,’.

According to complexity, there is a hierarchy of quan-
tum measurements. The simplest are effects, the next
are observables and finally we have instruments. Each
of these types of measurements can be conditioned in a
systematic way. They can even be conditioned among
each other.

Let H be a finite-dimensional complex Hilbert space
representing a quantum system. The set of linear opera-
tors on H is denoted by L(H) and the set of self-adjoint
operators is denoted by L (H).

A state is a positive operator p € Lg(H) with trace
Tr(p) = 1 and the set of states is denoted by S(H). States
describe the conditions of the system and are employed
to compute probabilities of measurement outcomes.

An operator a satisfying 0 < a < [ is called an effect.
An effect represents a two outcome yes-no experiment
that either occurs or does not occur [[IH5]]. We represent
the set of effects by &(H). If a € E(H) occurs, then its
complement a’ = I — a does not occur.

An operation is a completely positive linear map
I: L(H) — L(H) such that Tr[Z(p)] < Tr(p) for all
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o € S(H) [1-5]]. An operation that satisfies Tr [ (p)] =
Tr(p) for all p € S(H) is called a channel [3,|5,/6]. Any
operation I has a Kraus decomposition 1(A) = 3. K;AK;

1
where K; € L(H) and ZK;"Ki <I Wecal K;,i =

l
1,2,...,n, Kraus operators for I [4]]. When I is a chan-
nel, we have Y, K7'K; = I.
i

Corresponding to an operation 7 we have the dual op-
eration [1H9] I*: L(H) — L(H) where I* is linear and
satisfies Tr[Z(p)A] = Tr[pI*(A)] for all p € S(H), A €
L(H). If T has Kraus decomposition Z(A) = } K;AK?,
then 7°(A) = } K'AK; for all A € L(H). If 1 is a chan-
nel then 7*(I) = 1. It is easy to check that if 7 is an
operation, then 7*: & H) — &E(H) and 1*(a) < a for all
a € E(H). We say that an operation Z measures an effect
a if Tr[I(p)] = Tr(pa) for all p € T(H) [7,8,/10]. We
interpret P,(a) = Tr(pa) as the probability that a occurs
when the system is in state p. It follows that an oper-
ation measures a unique effect. However, as we shall
see, there are many operations that measure an effect a.
If 7 measures a, then

Tr[pZ*(I)] = Tr [I(p)] = Tr(pa)

for every p € S(H). Hence, J measures a if and only if
I*(I) = a.

Ifa,b € &H) we writea L bifta+b € EH). If
a,b € &(H) and I measures a, we define the 7 -sequential
product of a then b by a[I]lb = I*(b). It is easy to
check that a[f]b < a,if b L cthen a[l](b + ¢) =
alllb+a[l]lcand alZl]l = a [7.[8]. An effect a is
sharp if a is a projection and a is atomic if a is a one-
dimensional projection.

Lemma 1. Let 7 be an operation that measures a € &(H).
(1) 7°(b) < afor all b € EH). (ii) If a is sharp, then
I*(b)a = al*(b) for all b € E(H). (iii) If a is atomic,
then 7*(b) = Aa for some A € [0, 1].

Proof. (i) Since
IO+ I1'W))=1"b+b)=I"I)=a

we conclude that 7*(b) < a.

(i) Since I*(b) < a, I*(b) and a coexist [3]. Then
a being sharp implies that 7*(b)a = al*(b).

(iii) If a is atomic and J*(b) < a, we have that 7*(b) =
Aa for some A € [0, 1] [3]]. O

If Py(a) # 0 and 7 measures a, we define the condi-
tional probability of b given a relative to 1 by [9]

Tr |1 ()b
P
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We then have
Tr[Z(o)b] Tr[pZ*(b)
Polbla)= Tr[[f(;)]] - gz(pa) ]
Tr(pa[I]1b) Py(alllb)
T Trpa) | Pya)
_ Pripy(b)
~ Pya)

We have that b — P,(b | a) is a probability distribution
in the sense that P,(/ | a) = 1 and if b; € E(H) with
by +by+---+b, <I, then

Pp(ibi |Cl] = ipp(bi | a)
i=1 i=1

We also see that p = I(p)/P,(a) is a state called the
updated state for I and we have

P,(b | a) = Te(pb) = P5(b)

Thus, to find P,(b | a) we first measure a using 1, up-
date the state to p and then compute the probability of
b using p. If 7 and J are operations, we define the se-
quential product of I then J as the operation given by
T o)) =9 (I(p)) forall p € S(H) [[7,8]. In a similar
way we define (Z* o T*)(A) = T* (I*(A)).

Theorem 2. Let J and J be operations. (i) (L o J)* =
(J* o I™"). (i1) If T measures a and J measures b, then
I o 9 measures a[l]b. (iii) If a is measured with 7,
b with J and a[1]b with T o 7, then

alZ10[Jle)=(alIlb)[IoT]lc
(iv) Forall p € S(H) we have
Tr(pa)Pp (b [T c | a) =Tr(palL]b) Py (c|all]lb)
Proof. (i) Forall p € S(H) A € L(H) we obtain

Tr [p(Z o J)*(A)] = Tr [(Z o T)(E)A] = Tr [T (Z(p)) A]
=Tr[T(p)T*(A)] = Tr [pI " (T*(A))]
=Tr[p(J" o I")(A)]
It follows that (£ o )" = J* o I*.
(i) Since
Tr[Z o J(p)] = Tr[T (L(p))] = Tr [Z(0)b]
=Tr[pI"(b)] = Tr(pa [I]b)

it follows that 7 o J measures a [1] b.
(iii) Applying (i) gives

alZ10[Je)=alIl( T ) =T (T () =T oI (c)
=T o) (c)=(@[ID)[IoT]c
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(iv) This follows from

Tr(pa)P, (b[T1c | a) = Tf@“)w
=Tr[T(p)T"(c)]
=Tr[J (T (p)) c]
=Tr[(Z o D(p)c]]
= Tr[p(Z o J)]
= P,(alI]1b)Py(clalllb) O

Bayes’ second rule says that

Py(D)
Pp(a)

The following lemma shows that this result does not al-
ways hold.

Py(b|a) =

Py(a | b) )

Lemma 3. The following statements are equivalent.
(i) Equation (I)) holds. (i) Whenever J measures a and
J measures b, then

Tr(pa[Z]1D) = Tr(pb [T 1a)
(iii) Whenever 7 measures a and ./ measures b, then
Tr [Z(p)b] = Tr [T (p)al.
Proof. (1)=(ii) If (i) holds, then

Tr(pa [1]1b) = Tr [pI*(b)] = Tr[I(p)b] = Py(a)Py(b | a)
= Py(b)Py(a | b) = Tr[ T (p)a]
=Tr[pJ (@] = Tr(pb [T a)
Hence, (ii) holds.
(i1)=(1i1). If (i1) holds, then
Tr[Z(p)b] = Tr[bI*(b)] = Tr(pa [L]1D) = Tr(pb [T ]a)
=Tr [pT " (@)] = Tr [T (p)a]

Hence, (iii) holds.
(ii1))=(1) If (iii) holds then

_Te[Z(pp] _ Te[J(p)a] _

Pp(b)Tr(a | b)
Polbla)=—p P,(a)

Py(a)
Hence, (i) holds. |

Corollary 4. If 7 measures a and J measures b, then
the following statements are equivalent. (i) (I)) holds for
every p € S(H). (ii) alf]lb = b[J]a. (i) IT*(b) =
T (a).

Example 1. For a € &(H) we define the Liiders operation
L@(p) = azpaz [2,/111/12]. Then

Tr [.[:(“)(p)] = Tr(a%pa%) = Tr(pa)
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for all p € S(H) so £® measures a. Notice that L* =
1 1

L for all @ € EH) and a[L@]b = a2baz. We call

a [L(a)] b the standard sequential product of a then b

[7,/13]). Relative to £ we have for all p € S(H), b €
E(H) that

Tr [-E(a)(P)b] 3 Tr(a%pa%b) 3 Tr(pa%ba%)
Pya)  Tr(pa)

Applying Corollary @] we have that Bayes’ second rule
holds relative to £® and £® for all p € S(H) if and
only if atba? = b2ab?. This is equivalent to ab = ba;
that is, a and b commute [13]]. Thus, (I)) does not hold, in
general. We also have from Theorem 2[iii) that

Py(al|b) = oo

al LB ILB) o) = (a L[ L9 0 LP]c)
= aibichial
It follows from Theorem ii) that £@ o £®) measures
a [L(“)] b = a2ba?. However,
(L(a) ° L(b))(p) — L(b)(.ﬁ(a)(p)) — L(b)(a%pa%)
= blaZpa’b?
and
11 111 111
L4 (p) = (a2ba?)?p(a?ba?)?
s0 L@ o £® % £a[L10) We conclude that
o[£ 612710 o] 2] )21
in general. O

Example 2. If a € E(H), @ € S(H), we define the Holevo
operation [6,/14]

H@D(p) = Tr(pa)a
Then for every p € S(H), b € E(H) we obtain
Tr [pH @ (b)| = Te [H“2(p)b] = Tr [ Tr(pa)ab]
= Tr(pa)Tr(ab) = Tr[pTr(ab)a]
Hence,

W(a,a)*(b) —a [7_{(61,(2)] b = Tr(ab)a

Since Tr [7{(“’”)(,0)] = Tr(pa) we see that H“® mea-
sures a. This shows that for any a € E(H), there are many
operations that measure a. The conditional probability of
b given a relative to H*® becomes

Te [H““(0)b|  Tr(pa)Tr(ab)
P,(a) - Tr(pa)

Py(b|a) = = Tr(ab)
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which curiously is independent of p and a. Applying
Corollary 4] we have that Bayes’ second rule holds for all
p € S(H) relative to H*® and H?®# if and only if

Tr(ab)a = Tr(Ba)b

If a and b are sharp this is equivalent to a = b and
Tr(aa) = Tr(Ba). Moreover, Theorem [2{iii) becomes

a|H 2| (b|H®P]c) = (a|H“|b)|H@ o HP| e
= a[H@D] (HOP" (o))
= a|H“ | (Tr(Be)b)
= Tr(Bc)a | H“"| b

= Tr(Bc)H“Y* (b)
= Tr(Bc)Tr(ab)a

Unlike the Liiders operations, we have

FH@®) o gbp) — q(a[H“]bp)
Indeed,

H@D) o OB () = HEP [7.{((1,11) (p)] — HOB (Tr(pa))
= Tr(pa)H""P (@) = Tr(pa)Tr(ab)B
= Tr[pTr(ab)a] B = {(Tr(@b)a) ©)
= HH@ OB ()

= H(@H10B) () O

A (finite) observable is a collection of effects A =
{Ay: x € Qq} on H satisfying >, A, = 1 [1-31)5]. We

x€Qq
assume that the set Q4 is finite and call 4 the outcome

space for A. We think of A as an experiment or measure-
ment and when the outcome x results, then we say that

the effect A, occurs. The condition ), A, = [ means
xEQA
that one of the outcomes occurs when a measurement of

A is performed. If p € S(H), then P,(A,) = Tr(pA,) is
the probability that the outcome x results and A, occurs.
We call A(A) = Y {A,: x € A}, where A C Qyu, a posi-
tive operator-valued measure (POVM). The probability
distribution of A in the state p is the measure given by
®ﬁ (A) = ng Py(x) for all A € Q4 and we usually write

D5 (x) = O ({x}) = Pp(Ay)
A (finite) instrument is a finite collection of operations
I ={I,: x€Qyr}suchthat 7 = } I, is a channel
XEQ]

[153L|5L/15]]. Then for all p € S(H) and A C Q7
OL(A) = ) (Tr[Z(p)] : x € A}
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is a probability measure on Q7. We say that I mea-
sures an observable A if for all p € S(H), we have
Tr[Z(p)] = Tr(pA,) for every x € Q4. Clearly, 7 mea-
sures a unique observable and they both have the same
probability distribution. As with operations and effects,
an observable is measured by many instruments. If 7 is
an instrument, its dual instrument 1*: L(H) — L(H)
satisfies [|8./10]

Tr [pZ(A)] = Tr [ I (p)A]
forall A € L(H)

I h= Y =1

XGQ]

It is easy to check that I5: & H) — &(H) and 13(]) is
the observable measured by 7.

If a € E(H) and A is an observable on H measured
by the instrument 7, the effect a conditioned by A is the
effect

(@A) =) I =TIy @= ) Allla

XGQA XEQA

It is clear that @ — (a | A) is a morphism in the sense
n
that (/ | A) = I and if a; € E(H) with )] a; < I then
i=1
n n l
(Z ai | Al = XY (a; | A). A sub-observable is a finite
i=1 i=1
collection of effects A = {A;: x € Q4} on H satisfying
>, Ay <I[8]]. If A is a sub-observable, then A possesses

x€Qp
a unique minimal extension to an observable by adjoining

the effect I — >, A, to A. If A is an observable and a €

)CEQA
&E(H) is measured by an operation 7, then A conditioned

by a is the sub-observable given by (A | a), = a[L] A, [9].
Notice that we have Y, (A | @)y = al[l]l = a. If A

XEQA
and B are observables on H and 7 is an instrument that

measures A, then B conditioned on A relative to 1 is the
observable [9]

(Bl A), = ) IyB)= ) AL1B,

xeQr xXeQy

If 7 and J are instruments on H we define the instrument
J conditioned by I as [9}/10]

T 1Dy = Y. Ty Txp)) = Ty | T(p)]

xeQr

for all p € S(H), y € Q4. The next result corresponds to
Theorem 21

Theorem 5. Suppose 7 measures A and J measures B.
(1) (J | I) measures (B | A). (ii) For any observable C
we have ((C | B) | A) = (C | (B | A)).
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Proof. (i) For every p € S(H) we have

Te [T 1 Dy)] = Te| 3" Ty (Talo))

xeQyr

= > T[T, (o))

)CEQI

= Z Tr[Z.(p)B, |

xeQyr

= Z Tr [pI(B,)]

XEQ]

P Z I;(By)

)CEQ]
= Tr[p(B | A), |
It follows that (J | 7) measures (B | A).

=Tr

(i1) It follows from (i) that (J | 7) measures (B | A).

Then for all z € Q¢ we obtain
(CIB)|A), =T (C|B.=1 [T (C)]
=T 0T (C)=T o J*(Cy)
= (11 (C) =(C | (B| A),
which gives the result. O

Theorem 6. If 7 measures A and a € E(H), then for all
p € S(H) we have

Z Pp(AdPplal Ay = Pylla] A)] = Pz (@) (2)

xEQA

Proof. We have that

Tr[pZ(a)]
Py(A)Py(al Ay) = Tr(pA) ————
X;A g g x;;, TI'(pr)
=Tr|p Z T (a)
xeQyr
= Tr[p(a | A)] = Tr[pT(a)]
= Tr| Z(p)a| = Pz,(@)
and the result follows. O

We call (2) Bayes’ quantum first rule. This is the same
as the classical Bayes’ first rule except it depends on the
instrument used to measure A. We then say that (2)) is
context dependent and that 1 is the context in which A
is measured. In classical probability theory there is only
one context available and no context dependence.

We say that a sub-observable A is real-valued if Q4 C
R [16]]. If A is real-valued and p € S(H) the p-average
(or p-expectation) of A is

E,(A) = Z XP,(Ay) = Z XTr(pA,)

x€Qq xeQy
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If A is real-valued, we define its stochastic operator [16]
to be the self-adjoint operator A = 3 .o, XA,. We then
have

E (A)=Tr {p Z xAx] = Tr(pA )

x€Qp

which is the expectation of A in the state p. We also define
the conditional p-average

ATt [pI*(A))]

EfAla)= ) aPpAcl @)= )~

xeQyu xeQy

where 7 measures a. The next result is called Bayes’
quantum first rule for expectations.

Theorem 7. If 7 measures A and B is a real-valued ob-
servable, then

Z Py(ADE)B | Ay) = E, [(B| A)l = E7,(B)

x€Qp

Proof. For all p € S(H), x € Q4 we have

yTr|pT4(B,)]

IACIVOEDY xR

yeQp

It follows that

D PAAJE,BIA) = Y Y yTr[pIi(B,)]

xeQy x€Qp _I/EQ.B

= ZyTr

yeQp

P Z I;(By)

xeQy

= > yTr[T(p)B,|
yeQp

= D, uTr[p(B1 A)]
yeQp

=E,[(B|A)] o

Example 3. Let A be the atomic observable

A ={Pc: x € Qu} = {|p){dxl: x € Q4

and let 7 be the instrument

Ix(p) = PP, = <¢x’p¢x>|¢x><¢x|

that measures A. Then

AL ]la= I;(a) =y, ap)|P )«

Moreover, if B = {By: yE QB} is an observable on H,
then (B | P,) is the sub-observable (B | Py), = P.B,P,
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and if a € E(H), then (a | A) is the effect 1 ,(a). For all

p € S(H) we obtain
Py(a]A) = P, | T5(@)] = Pz, (@)
= Tr ZQ (¢ PP
= D (D pb) s ags)
=y

If B is a real-valued observable, we obtain

Ey(B| A) = Ez,,(B) = Tr[f(p)E ]

= Z <¢x, p¢x><¢)€7 §¢X>

xeQy

Bayes’ quantum first rule gives

D Py(PIPy(a| Py) = Pyla| A)

x€Qp

= Z (D2, PP NP, AP )

)CEQA

and Bayes’ quantum first rule for expectations gives

Z Pp(PO)EN(B| Py) = E,(B|A)

XEQA

= Z <¢xp¢x><¢x§¢x> o

xEQA

Example 4. If A = {A,: x € Q4} is an observable and
a, € S(H), x € Q4, we define the Holevo instrument
HAD () = Tr(pA,)a, [6}/14]. Then HA® measures A
because
Tr [H(0)] = Tr [Tr(pA )] = Tr(oA ) Tr(@)
= Tr(pAy)
Also, the dual of H“*® becomes

H (a) = Tr(a,a)A,

and

(alA)=Hy " (a)

— Z (]_[(A,a)*(a)

x€Qp

= Z Tr(a,a)A,

XEQA

Then Bayes’ quantum first rule becomes

D PyAIPal Ay =

XEQA

PyalA)= )" Tr(pA)Tr(axa)

XEQA
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Moreover, if B = {B
able, then

Ej(B|A)= )" yTr| HA(p)B, |

yeQp

= ZyTr

yeQp

= ZyTr

yeQp

y Y€ QB} is a real-valued observ-

D HA B,

x€Q A

D Tr(pA)a,B,

x€Q, A

- Z Tr(pA ) Tr(aB)

x€Q A

Bayes’ quantum first rule for expectations becomes

D PoAJENBIA) = ) Tr(pA)Tr(a,B) o

xXeQyu xeQyu

Example 5. If H“ and HB# are Holevo instruments,
we show that

H{AD) o g{(BS) _ q((CP)
is the Holevo instrument with C,,) = Tr(a,B,)A,. In-
deed
A@) (BB _ (BB qs(A)
(HA2 o HED) (o) = H, P H "))
= H,"? [Tr(pA)a]
= Tr(pA ) Tr(a,B,)B,
= Tr|pTr(axBy)Ax| B,
C,
= Tr(pC ey )By = M2 ()
In contrast, if L4, .LB are Liiders instruments LSCA)(p) =
11
AZpAZ, L;B) = szBz, we show that £4 o £ is not
Liiders, in general. Indeed, suppose L4 o L8 = £€. We

then obtain
1111
(L o L)y () = LJ(L1(p) = BjAIpAI B;
— 2
=C, y)pC<x )

for all p e S(H) Taking the trace of both sides gives

Ciay = A B, A2 and we conclude that

1111 1 1 L1
BjAIpAIB} = (AlB,AD p(AIB,AD

for all p € S(H). Letting p = I/n where n = dim H gives

1 1 1 1

B;A,B; = A;B,A;

This holds if and only if A,B, = B,A,, in which case
(LA o LB)(W) = LABy for every x € Qq,y € Qp. Ina
similar way, if a, b € E(H), then

@) o g(bB) _ q(Tr(@b)ap)
and £% o £? is not Liiders unless ab = ba in which case
L% Lh — Lah‘ O

February 2024 | Volume 13| Issue 1| Page 6


http://dx.doi.org/10.12743/quanta.v13i1.259

We say that an observable A = {A,: x € Qu} is commuting if AyA, = A A, for all x,y € Q4. Also, two observables
B, C are jointly commuting if B and C are commuting and B,C, = C By for all x € Qp, y € Q.

Theorem 8. Two observables B, C are jointly commuting if and only if there exists an atomic observable A and
observables By, C1, such that B = (B; | A), C = (C; | A) relative to some instrument that measures A.

Proof. If B = (B1 | A), then B, = } ,cq, L (B1y) and by Lemma iii) I (Biy) = Ay, Ay for A, € [0,1].
Hence, By = 3 cq, AxyAx. In asimilar way, C, = 3 cq, HxAx fOr uy, € [0, 1]. It follows that B and C are jointly

commuting. Conversely, if B and C are jointly commuting, then all the effects in {By, C.:yeQp,z€ Qc} commute so
they are simultaneously diagonalizable. Hence, there exists an atomic observable A such that B, = 3 ,cq, Tr(AxB,)Ax
and C; = ) cq, Tr(A,C)A, for all y € Qp, z € Qc. Using the Liiders instrument L4 = ApA, we have

(BIA), = > LYB,= > ABA = ) TrAB)A, = B,

x€Qq x€Qy x€Qq
Similarly, (C | A),=C,so B=(B|A)and C = (C | A). m]

Corollary 9. Observables B, C are jointly commuting if and only if there exists an atomic observable A such that
B =(B|A),C = (C|A)relative to some instrument that measures A.

A similar proof gives the following.

Theorem 10. The following statements are equivalent. (i) An observable B is commuting. (ii) There exists an
atomic observable A such that B = (B | A). (iii) There exists an observable C and an atomic observable A such that
B=(C|A).

Let B be a real-valued observable with stochastic operator B= 2y, YBy. We have seen that E,(B) = Tr(pE). Also,

if A is an arbitrary observable and the instrument J measures A, then relative to 7 we have E,(B | A) = Tr [f(p)E]
We call E,(B | A) the p-expectation of B in context A. If A, B, C are observables and B, C are real-valued, we define
the p-correlation of B and C in the context A by [|16]

Cor(B,C | A) = Tr[p(B | AY(C | AY™] = Eo(B | A)E,(C | A) = Tr[p(B | Ay (C | AY™] = Tr [ T(0)B| Tt | T(0)C]
Although Cor,(B, C | A) need not be a real number, it is easy to check that
Cor,(B,C | A) = Cory(C,B | A)

We call A,(B,C | A) = Re [Corp(B, C |A)] the p-covariance of B and C in the context A [|16]. We define the
p-variance of B in the context of A [|16]

Ao(B | A) = Cory(B,B| A) = A,(B,B| A) = Tr{p[(B| Ay TP} - {Tr [.7(p)§]}2
Defining the commutator of (B | A)~ with (C | A)~ by
[(BIA)™,(ClA)1=(B|A)(CIA)” -(C|A)(BIA)”
we obtain the uncertainty principle [16]:
LTr(o[(B1 A),(C 1AV DP + [A(B,C | )] = [Cory(B,C | A < Ay(B| AALC | A) 3)
The variance A, (B | A) gives the amount of uncertainty or lack of information about B provided by p relative to a

first measurement of A. The less A,(B | A) is, the more information p provides about B. Equation (3)) gives a lower
bound for the product of the uncertainties. Notice that (3) generalizes the usual uncertainty principle.
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Example 6. Suppose A is sharp in which case A A, = . for all x,x” € Q4. Let us measure A with the Liiders
instrument 7 (o) = A,pA,. We can now compute the various statistical quantities more completely. To simplify the
notation we write D, = A,DA, for D € L(H). We then have 7 (p) = >, py and

x€Q) A

E(B|A) =Tt|[I(p)B| = Z yTr(p.B,) = Z Tr(p:B)

(B| A)” = ZM(B|A)y ZB

We then obtain

Cor,(B,C | A) = Tr (p Z B, Z @,) ~Tr[Z(p)B| T [Z(p)C| = Z Tr(0,BA.C) — Z Tr(p,B)Tr(p, C)

Ao(B,C | A) = Re [Cor,(B,C | A)| = 1 [Cor,(B,C | A) + Cor,(C. B | A)]
=1 Z Tr [px(BAC + CAB)| - Z Tr(p.B)Tr(p, C)

2

A(B|A)= ) Tr[p(B.)| - [Z Tr(o:B)

2
> Tr(pf)l

A(C1A) = ) Tr[p(Co?| =

LN ] Tl Y BE - EB

Substituting these terms into (3) gives the uncertainty principle for this case. |

Finally, the commutator term becomes

Tr{p[(B1A)",(C|A)]} = [

= > [p+(BA.C - CA,B)|

Example 7. Suppose A is measured by the Holevo instrument ,(CA’Q) (p) = Tr(pAy)a,. Then
HAD(p) = " Tr(pAa,
)CEQA

and we saw in Example [5] that

Ep(B|A) = > Tr(pA)Tr(e.B)

Since H(B,) = Tr(a,B,)A, we obtain
BIAY =Y yBIA = Dy )y HA(B) =Yy ) Tr@B)A = ) Tr(@.B)A,
Yy Yy X y X X

It follows that

Cor,(B,C | A) = Tr|p Z Tr(a,B)A, Z Tr(ayC)Ay
X x’

Z Tr(pA)Tr(ayB) Z Tr(pr)Tr(af)l

= Z Tr(aB)Tr(ay C) [Tr(pAAy) — Tr(pA)Tr(pAy)]

x,x

Ay(B,C | A) = Re[Cory(B,C | A)] = )" Tr(e,B)Tr(axC) { [Tr(p(AAx + AvA)] - Tr(pA)Tr(A )]
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AyB|A) = Z Tr(axB)Tr(av B) [Tr(pAAy) — Tr(pA)Tr(pAy)]

x,x

with a similar formula for A,(C | A). Finally, the commutator term becomes

Tr{p[(B]A)",(CA)]} = TY{P

Z Tr(aB)A,, Z Tr(ay C)Ay
X X

} = Z Tr(axB)Tr(ay C)Tr (0[Ax, Ax])

Substituting these terms into (3) gives the uncertainty principle for this case. O

The uncertainty A,(A) measures the lack of informa-
tion about A provided by the state p. In the dual picture,
we have the lack of information S 4(p) that a measurement
of A provides about the state p and this is called entropy.
We now briefly discuss conditional entropy. If a € E(H),
p € S(H), we define the p-entropy of a by [17-20]

Tr(pA)]

S 4(p) = —Tr(pa) In Tr(a)

We interpret S ,(p) as the amount of uncertainty that a
measurement of a provides about p. The smaller S ,(p) is,
the more information a measurement of a gives about p.
It follows that if 7 measures a, then

B Tr (pa [I]D)
Sarip(p) = =Tr(pa[1]D)In [W]

Tr[pf *(b)]}

= ~Tr [pI*(0)]In [ Tr [2°(5)]

. Tr [I(,O)b]
= ~Tr[Z(p)b] In [m]

We define the a-conditional p-entropy of b as
S @) = S [L(p)]
Tt [Z(p)b]

=-Tr [I(p)b] In [W}

Notice that there is a close connection between these two
entropies. Since /nx is an increasing function we have the
following.

Lemma 11. S ;;715(0) < S pje)(p) for every p € S(H) if
and only if Tr [7*(b)] < Tr(b).

Example 81. Ifla is measured by the Liiders operation
L9(p) = a2paz, then

Tr [1*(b)] = Tr(a2ba?) = Tr(ab) < Tr(b)

so in this case we have S rp(p) < S@pu(p) for all
p € S(H). O

Example 9. If ¢ is measured by the Holevo operation
H @D (p) = Tr(pa)a, then

Tr [H“9*(b)| = Tr[Tr(ab)a] = Tr(ab)Tr(a)

Quanta | DOI:|10.12743/quanta.v13i1.259

Hence, Tr[H@®*(b)] < Tr(b) if and only if
Tr(ab)Tr(a) < Tr(b). Depending on a, b, @ this inequal-
ity sometimes holds and sometimes does not hold. We
conclude that S ;715 and S () give different measures of
information about p. |

If A is an observable, we define the p-entropy of A
by [17,[19]

Sa)= ) Sap)

xeQ,
. Tr(pA,)
_ X;A Tr(pA,) ln[ A ]

If 7 measures A, we define the A-conditional p-entropy
of the observable B by [17,(19]

S = S| 1(0)]

=2, 5570

yeQp

As with effects, this can be compared with

S By (p) = Z S By, (0)

yeQp

and these are not related in general.
One of the advantages of S (pa) over S (pp) is the fol-
lowing. If 7 measures A and J measures B we obtain

Sccimm® = Scin [ 0]
=Sc[ (1)
= S(clBlay

but in general
Scipiay # S ciBla))

We can continue this to obtain results concerning more
than three observables.
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