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ne of the first proposals for the use of quantum

computers was the simulation of quantum sys-

tems. Over the past three decades, great strides
have been made in the development of algorithms for
simulating closed quantum systems and the more com-
plex open quantum systems. In this tutorial, we in-
troduce the methods used in the simulation of single
qubit Markovian open quantum systems. It combines
various existing notations into a common framework
that can be extended to more complex open system
simulation problems. The only currently available al-
gorithm for the digital simulation of single qubit open
quantum systems is discussed in detail. A modification
to the implementation of the simpler channels is made
that removes the need for classical random sampling,
thus making the modified algorithm a strictly quan-
tum algorithm. The modified algorithm makes use of
quantum forking to implement the simpler channels
that approximate the total channel. This circumvents
the need for quantum circuits with a large number of
CNOT gates.
Quanta 2023; 12: 131-163.
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1 Introduction

The simulation of complex quantum systems is central to
many important problems in drug discovery, chemistry,
material science and more. Although simulating these
systems remains a computationally challenging task for
classical computers, the natural resources of quantum
computers can be leveraged to more efficiently simulate
these systems.

Generally, simulating a quantum system involves ap-
proximating a mathematical object describing the total
evolution of a system by some combination of simpler
objects. When the simulation is performed on a quan-
tum computer, these simpler objects define the operations
that will be performed on the quantum computer. Over
the past three decades, great strides have been made in
the development of algorithms for simulating closed and
open quantum systems. These algorithms often strive to
achieve a low enough error in the approximation of the
mathematical object and find an efficient set of operations
to perform the evolution.
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The simulation of closed quantum systems, often called
Hamiltonian Simulation, has been extensively explored
[1H12]]. For Hamiltonian Simulation, the mathematical
object that must be approximated is the total unitary evo-
lution generated by some Hamiltonian. The total uni-
tary evolution is approximated by some combination of
simpler unitaries, generated by the components of the
decomposed Hamiltonian. Once the simpler unitaries are
obtained, efficient quantum circuits for these simpler uni-
taries which minimise gate count and number of qubits
must be constructed. Algorithms for Hamiltonian simu-
lation are typically characterised by the recombination
methods used to combine the simpler unitaries. The most
commonly used recombination method is the Suzuki-Lie—
Trotter (SLT) Product Formulas [[13}/14]].

While closed quantum systems are relevant to many
problems in quantum mechanics, open quantum systems
describe a more complex, commonly encountered sys-
tem: a quantum system that can interact with its sur-
rounding environment, sharing information and energy
[15L{16]. These systems are crucial to our understand-
ing of nonequilibrium dynamics and thermalization in a
wide range of systems, from damped-driven spin-boson
models to complex many fermion-boson models [17,/18].
In this tutorial, we shall only consider the simulation of
only Markovian open quantum systems for which we can
neglect memory effects.

Several methods that allow us to simulate open quan-
tum systems have been developed [19-27]. For the simu-
lation of open quantum systems, the mathematical object
that must be approximated is a quantum channel: a com-
pletely positive and trace preserving (CPTP) map, also
called a dynamical map. Like the Hamiltonian which
generates the total unitary evolution for closed quantum
systems, a superoperator called the Gorini—Kossakowski—
Sudarshan-Lindblad (GKSL) generator [28[29] generates
the quantum channel. The quantum channel can then
be approximated by a combination of simpler channels
generated by the components of the decomposed GKSL
generator. These simpler channels are then executed on
the quantum computer.

While the spectral decomposition was the natural
choice for decomposing the Hamiltonians in Hamiltonian
simulation, the method used to decompose the GKSL
generator for open system simulation was developed by
Bacon et al. [20]. This method involves decomposing
the GKSL generator into simpler components via linear
combination of semi-groups and unitary conjugation. It
was also shown by Bacon ef al. that all quantum channels
on finite dimensional systems can be simulated by unitary
evolutions and quantum channels from a universal semi-
group. The decomposition method developed was used
by Sweke et al. to develop an algorithm for simulating
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open quantum systems [19,21]]. This algorithm makes
use of SLT product formulas for the recombination of the
simpler quantum channels. Sweke ef al. also derived the
bounds on the error in the approximation as well as the
bounds on the gate counts.

Despite the advancements made in the simulation of
open systems, a standard or widely accepted notation is
lacking. This has hindered progress in the field. This
tutorial will introduce the methods used in the simulation
of single qubit open quantum systems. It combines var-
ious existing notations into a common framework that
can be extended to more complex open system simula-
tion problems. The only currently available algorithm for
the digital simulation of single qubit open quantum sys-
tems [[19] will be discussed in detail. A modification that
makes use of quantum forking [30] in the implementation
of the simpler channels is made that removes the need
for classical random sampling. This makes the modified
algorithm a strictly quantum algorithm. This modifica-
tion also circumvents the need for quantum circuits with
a large number of CNOT gates.

This tutorial is structured as follows: Section [2] for-
mally states the problem of quantum simulation and fixes
the notation used throughout the text. Sections [3]and ]
present the decomposition and recombination methods
used by the algorithm, respectively. Section[5|presents the
quantum circuits that can implement any channel from the
universal semigroup of quantum channels. Lastly in Sec-
tion[6] concluding remarks are made and open problems
in open quantum system simulation are discussed.

The state space of a single qubit is a two dimensional
complex Hilbert space H, = C>. A quantum state of a
single qubit is described by a density matrix p € M,(C) =
B(Hy), where B(H) is the set of all bounded linear oper-
ators acting on the Hilbert space H and M (C) is the set
of 2 X 2 complex matrices, such that:

p20, tr(p) = 1, p=p. (D
Quantum channels provide a general framework for de-
scribing the evolution of quantum states. These are com-
pletely positive and trace preserving (CPTP) maps [15]],

T : B(Hy) = B(Hy). (2)

It is a well known fact that 7" has a Kraus representation
(311,

T(p) = ) KipK), (3)
j=1
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where K are called the Kraus operators that satisfy the
completeness relation Z;zl KJ’K ;i = 1y, with 1; being
the identity operator acting on the space H, and r =
rank(7) < 4. Here 7 is the Choi matrix defined through
the Choi—Jamiotkowski isomorphism [32},33]] as,

7= (T'® 1), “4)
where |QQ) = Lz(|00> + |11)) is a maximally entan-
gled state. The Choi matrix is a representation of the
quantum channel 7 and it is defined through the Choi—
Jamiotkowski isomorphism. It is a matrix description of
the quantum channel T and it contains all the properties
of T. For a quantum channel 7', we can define the dual or
adjoint as T and it can be calculated through the relation
tr(AT(B)) = tr(T(A)B) for any A, B € B(H,). Using this
relation we can also find the Kraus representation of the
dual of the channel,

T(p) = ) KipK;. (5)
=1

So far we have only considered the state of a single
qubit p that is time independent, but for most practical
cases we must consider a time dependent state p(¢) for
some ¢ > 0.

The channels above describe discrete time evolution
as the channel T does not depend on some continuous
parameter and are specified by time independent Kraus
operators. However we are interested in Markovian con-
tinuous time evolution. Which is described by a contin-
uous single parameter semigroup of quantum channels
{T,}, which satisfy:

TI‘TS = Tl‘+Sa TO =1 IS R+' (6)
Also if we introduce time dependence to the state of our
single qubit, then we write the density matrix, p(¢) which
describes the quantum state at some time ¢ > 0 then we

have that,
(7)

a unique generator

p(t) = Ti(p(0)).

Every semigroup {7,;} has
L B(Hs) — B(Hy) such that,

¢
T,=et=) L (8)
=0
where £ satisfies the master equation,
d
2P0 = Lp®). )

The generator £ is the generator of a continuous one
parameter Markovian semigroup {7} if and only if it
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can be written in the celebrated Gorrini—-Kossakowski—
Sudarshan-Lindblad (GKSL) form [28}[29],

3
Lip) = =ilH,pl + Y Aij(LFi,pF |1+ [Fip, F}1), (10)
i,j=1

where H = H' € My(C) is the Hamiltonian and A €
M;3(C) is a positive semi-definite matrix called the GKS
matrix. The matrices {F;} are a basis for the space of
traceless matrices in M;(C) and without loss of gener-
ality we chose the basis {F;} to be the normalized Pauli

matrices, i.e. {F;} = \%{O‘i}?:l = L{(71,0'2,0'3}~

One of the main aspects of digit\g quantum simulation
of an open quantum system is finding an approximation
to the quantum channels that describe the evolution of
the system. To quantify the error in approximations of
quantum channels we make use of the 1 — 1 superopera-
tor norm defined in terms of the general p — ¢ Schatten
norm. One should note quantum channels are also called
superoperators since they are operators which act on other
operators. The general p — ¢ Schatten norm for some

superoperator 7T is defined as:

ITllp—q = sup IT(All

llAll,=1

(11

where [|A|l, := (tr(lAl”))IlJ and |A| = VATA. Using the
above equation we see that the 1 — 1 superoperator norm
1s:

ITlh—1 = sup IT(A)l,
lAlli=1

(12)

where ||A||; = tr( VATA). The 1 — 1 superoperator norm
also satisfies the following standard properties. For any
superoperators 7' and V we have that,

T + Vilis1 < ITlh=1 + Vi1,

ITVIh-1 < ITTh-1llVIi-1- (13)

Now that we have outlined some notation and defined
some basic objects we can state the problem:

Given a continuous one parameter semigroup
{T;}, generated by L, specified by a GKS
matrix A > 0 € M3(C) and a Hamiltonian
H = H' € My(C). Find a quantum circuit, using
a polynomial number of gates, that approximates
T, = exp(tL) such that the maximum error in the
final state, as quantified by the 1 — 1 superoperator

norm is at most €.
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The strategy to solve this problem consists of three steps. First, we make use of linear combination of semigroups
to decompose the channel 7} into constituent channels. Then we use unitary conjugation to further decompose the
constituent channels into unitary transformations and a channel from some universal semigroup [20]. The second
step makes use of SLT product formulas [[13}|19] to approximate the channel 7, using combinations of the constituent
channels. Lastly, we convexly decompose the channels from the universal semigroup into extreme channels [34] and
use quantum forking [30] to implement the quantum circuits for the constituent channels.

The first step is to decompose L into a combination of generators of simpler semigroups. We do this using linear
combination of semigroups and unitary conjugation [20]]. Given the GKSL generator for an arbitrary single qubit
channel,

Lp) = ~ilH,pl + > ZAU([U,,poJm ip, 7)), (14)

1] 1

where A > 0 € M3(C) and H = H' € My(C). We first need to decompose this generator using linear combination of
semigroups. Since A > 0 we can use the spectral decomposition to write

3
A= Z/lkAk. (15)

By substituting equation into equation and by letting Lo(p) = —i[H, p] we have,

1 3 3
L) = Lop) + 5 D ( D 4) (o) + orip. )
i,j=1 k=1
1 3
=&@+é@i2@%@m@+@mmﬁ (16)
Defining,
1 3
Lip) = 5 ) Aij(loipos) + [ip. o), (17)
ij=1
we get,
3
Lp) = Lop) + ) 4Lilp). (18)

k=1

Letting Ao = 1 we can then write equation (I8) more compactly as

3
Lp) = D uLilp). (19)
k=0
This allows us to write 7 as,
3
ﬂ:ﬂzm#Z@&) (20
k=0

At this point it is useful for one to split the exponential in equation (20) into simpler parts which we use in the
recombination section to approximate the total channel. This can be achieved via the Lie-Trotter product formula
which states that, for any sum of operators ) ; V; acting on some vector space,

exp{z Vk] = Jim ( I exp(Vk/n))n. 1)
k

k

Quanta | DOI:|10.12743/quanta.v12i1.226 September 2023 | Volume 12 | Issue 1| Page 134


http://dx.doi.org/10.12743/quanta.v12i1.226

If we define T,(k) := exp(tLy) and via a straightforward application of the Lie—Trotter product formula [13]] we have
that,

n

3
=1 (S Lr)
r= [ ]

In the language of [20] we say that {7;} can be constructed via a linear combination of semigroups {Tt(k)}. The phrase
linear combination of semigroups comes from the fact that we write £ as a linear combination of £; which generate
the semigroups {Tt(k)}. Equation li tells us that one can simulate 77 if one can efficiently simulate Tt(k) (i.e. the

3 n
= lim []_[T(’jik } . (22)
woeo [ 1 17 ()

constituent channels) and use Tt(k) in some recombination strategy to approximate 7.

Armed with this realisation that one has to be able to efficiently simulate T,(k) to simulate the channel 7;. We ask

ourselves, can we decompose the channel Tt(k) into simpler operations that are easier to efficiently implement on a
quantum computer? The answer is yes, Bacon et al. proposed the use of an operation called unitary conjugation to
decompose the channel Tt(k) into unitary transformations and a channel from some universal semigroup [20]. We
now define the operation of unitary conjugation and then prove some results that describe the action of unitary
conjugation on a quantum channel.

We define unitary conjugation (UC) of a channel T as the procedure of transforming 7; according to U T U, ie.
UC: T, » U'TU (23)

where U(X) = UXU' for some unitary operator U and any operator X. UC preserves all Markovian semigroup
properties and it is can be shown that UC effectively applies 7 in an alternative basis, however this is not necessary
for this tutorial. We recall that £y (k = 0), generates Hamiltonian evolution which can be simulated using a single
qubit unitary operation. We are interested in the generators of dissipative evolution £y for k € {1, 2, 3} and want to
use unitary conjugation to further decompose the channels T,(k) for k € {1,2,3}. To use UC to decompose Tt(k), we
need to understand how UC of T; affects the corresponding GKS matrix defining the generator of 7. This is made
clear by the following theorem from [20].

Theorem 1. For a single qubit channel, unitary conjugation of 7; by U € SU(2) results in conjugation of the GKS
matrix A by a corresponding element in SO(3) which is the adjoint representation of SU(2).

To prove Theorem [I| we need the following two lemmas below, which outline some properties of the map U(p).
Lemma 1. Given U(p) = UpU" (with UT(p) = U'pU) for some unitary operator U. U(p) satisfies,
UU (p)) = 1(o) = U (U(p)). (24)
Proof. We can prove this directly from the definition of U(p). Recalling that UU" = UTU = 1 we get,
UU () = UU pU) = UUTpUUT = p = 1(p). (25)
This implies that, WU = 1. Similarly for TTU we can show that,
U (Up) = U'UpU") = UTUpU'U = p = 1(p), (26)
which implies that UTU = 1. O
Lemma 2. Given U(p) = UpU" for some unitary operator U, and p > 0 for k € Z. We have that,
(UTLUY = U LPU. 27
Proof. We prove the formula above using induction. For the base case, i.e. p = 0, we have,

U LU’ =1, (28)
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and
ULLU=U1U=UU=1, (29)

where we make use of lemma 1 in the last equality in equation (29). From equations (28) and (29) we see that the
formula holds for the base case. Now we assume that the formula is true for p = m, that is,

(U LW" = U LU, (30)
and we proceed to show that the formula holds for p = m + 1. We start by writing,

(U LU™" = (UTLUY" (U LU,
= U L"UU LU), (Byeq. GO))

= U L"UU LU,

=U' L"LU, (ByLemma 1)

=ut L. 31)
Hence, by induction the formula holds. O

We now have the necessary results to prove Theorem [I]

Proof of Theorem Suppose {T;} has a generator £ and a GKS matrix A then 7, = exp(tL). Now for some
U € SU(2) we want to see what unitary conjugation does to the channel 7,

UTU = UTexp(t LU,

O p
_ Z L ey,
p!
p=0

i
=27WBu
k:Op'

O 4P
- Z t—'(‘L{TL(LI)p, (By Lemma2)
= P

= exp(rU’ LU). (32)

So unitary conjugation of 7, effectively applies unitary conjugation to the generator £, i.e. £ — U LU. For
the remainder of this proof we make use of the index summation convention where repeated indicies are summed
over and the summation range shall always be from 1 to 3 unless otherwise specified. Given the generator in the
GKSL form we can always write L(p) = Ly(p) + Lp(p), where Ly(p) = —i[H, p] is the Hamiltonian part and
Lplp) = %A,- i([oi, poj] + [oip, o ]) the dissipative part. We are only interested in how unitary conjugation effects
the dissipative part £p since it contains the GKS matrix A. Applying the unitary conjugation map to Lp yields,

1
(W' LoTU(p) = U' (5411, UpU 7] + [oUpU" U
_ Lt t i i
—EAI']'(U [O’,‘,UpU O'j]U+U [O’iUpU ,O'j]U . (33)
We can simplify the first term in equation (33) as follows,
U'loy, UpU o jJU = U (0:UpU' o — UpU' o jor) U,
= UTO','U,OUTO']‘U —pUTO'joyU,
= U'oUpU'o;U - pU'o;UU 0, U,
= [U'o:U,pU' o ;U]. (34)
In a similar method to the one used in (34)) we show that,

U'loUpU",0j]U = [U'o:Up, U'o;U]. (35)
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By substituting (34)) and (35)) into (33) we get,
1
(U LpU)(p) = A (U oU,pU o jUY + [U T o Up, UTor;U)). (36)

So unitary conjugation induces a change of basis LZO',- - U7 LZU,- U, this basis is still Hermitian, orthonormal and
traceless. We can expand this basis in terms of the old one as follows,

UTLO' U=c
@ ay

V2

By multiplication of two operators from this basis we can gain more insight into the nature of the matrix c,y. First
taking the product of two elements in the new basis yields,

7. (37)

1 L.
EUTO'QUUTO'ﬁU = Ecaycﬁvayav. (38)
Taking the trace of equation and using the fact that tr(c,0p) = 20,3 We have,
1 1 .
tr( U TO'(,U U TO‘[; U) = cm,cﬁytr(O'),a'v) = 2caycﬁy25w = CayCpy- 39)

But we also know that the transformed basis U \EO'QU is still orthonormal, i.e. tr(2 Uto ,UU ‘Laﬁ U) = 6,p, leading
to the observation that,

cm,c};y = Ogp. (40)

In other words c,, is a unitary matrix. Equipped with this information about the matrix ¢, we can substitute equation
(38) into (37),

((L{TLD(LI)(p) aﬁ([caya'y’ pcﬁvo'v] + [Cayoyp, Cﬁvo'v])
1
= > CayAapCp [0y, poy] + [oyp, 0V ]),

2
= A, ([0, ] + [0y, 0]). @1)

Here A’ is the transformed GKS matrix and A; = cayAaﬁc . Defining the matrix C = ¢,, then we have,
A =CTAc. (42)

So the effect of unitary conjugation is to conjugate the GKS matrix by a matrix C”. We note that C7 is arbitrary but
determined by U € SU(2) in the following way. Suppose we choose {%0-0}2:1 to be the generators of SU(2) then the
set {%o-a}i _, forms a basis for the Lie algebra su(2) of the Lie group SU(2). The elements from the basis of su(2)
also satisfy,

1 . 1
Z [T O-ﬂ] = lfaﬁyzo'y, (43)

where €,y 1s the Levi-Cevita symbol and are the structure constants for su(2). By setting U = exp(iryo,/2) we
can expand U in a Taylor series, about zero, to 1% order in an infinitesimal r, and substitute this into the new basis

m%%m

1 7. r
UT$0},U:(1—1y ) 0'(,(l+zy y),

\/_

1 |
= % \/_ 2 \/Elrya'yo'a + O(r)z,),
1
= % - \/_lry[a'y,aa]
= \}_O'Q —iry (zem ) (44)
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But from equation U T\/LEO'@U = caﬁ\%(}'ﬁ allowing us to write,

1 1 1
Cap——=0p3 = — 04 — ir(i€)qs——=07p). 45)
off \/5 B \/E a y\€yap \/i B
Multiplying both sides of equation 1| from the left by %a'ﬁf we have,
1 1 |
Ecaﬁoﬁ@'ﬁ = 50'[,:/0'& - Elry(temﬁo-[;raﬁ). (46)

Finally taking the trace of equation (@ and using the fact that tr(cgo,) = 20,3 we obtain,

Caﬁéﬁflg = (53(, - iry(iG),a/g(Sﬁ/ﬂ) S Ca,B' = 5(43, - iry(iemﬁf) = (C)aﬁ/. (47)
It is clear from @ that CT s,
(CT), 5 = Cpa = Gpo = irylieypa). (48)
but the Levi-Cevita symbol is totally anti-symmetric allowing one to write,
(CT)aﬁ = Sap + ir (i€yap)- (49)

We observe that C7 is in a Lie group generated by (Gy)ap = i€yqp Which implies that
CcT = exp(ir,G,). Since we know how each G, is defined by picking v, @, 8 € {1, 2, 3} we can explicitly calculate the
matrix elements for each G, as,

0 0 O 0 0 -1 0 1 0
G =il0 0 1|, G,=il0 0 0], Gsz=i|-1 0 Of. (50)
0 -1 0 1 0 O 0 0 O

We recognize the above matrices as the generators of SO(3), hence CT € SO(3) which is the adjoint representation of
SU(2). As a brief mathematical aside: it is elementary fact of group theory that the adjoint representation of the Lie
algebra of SU(NV) is generated by the structure constants of the Lie algebra of SU(V) (For more information on the
adjoint representation one could refer to the following books [35-37]]). Therefore, unitary conjugation of the channel
T, by U € SU(2) leads to conjugation of the GKS matrix A by CT € SO(3), i.e. U T, U leads to a new GKS matrix
A’ =CTAC. o

So far we have seen how linear combination of semigroups allows us to write channels from the semigroup {7} as a
limit of a product of constituent channels from the semigroup {T,(k)}. It was also shown how unitary conjugation affects
the channel T;. Theorem [2]below will show how using linear combination of semigroups and unitary conjugation
one can simulate a channel T3, it is a modification of Theorem 3 in [20]]. This modification was made so that we
can account for the differing notation in the quantum information community as well as the open quantum systems
community. As we know researchers working in the field of open quantum systems define the ground state of a single
qubit as the column vector (0, 1)7, while the quantum information community defines the excited state with this
column vector. The range of the parameter 6 in Theorem 2] below accounts for this differing definitions for ground
and excited states.

Theorem 2. To simulate, using linear combination and unitary conjugation, an arbitrary Markovian semigroup
generated by £ € B(B(H,)) with H, = C2, it is necessary and sufficient to be able to simulate all Markovian
semigroups whose generators are specified by the GKS matrix A(6) = a®)a®" where a0) = (cos(d), —i sin(0), 0)"
and 0 € [-7, 7]

Proof. (Sufficiency) First, without any loss of generality we assume H = 0. Let A > 0 € M3(C), be the GKS matrix
specifying the generator of the Markovian semigroup we wish to simulate. We fix the basis {F;} = lz{oy-}?:1 without
any loss of generality. Since A > 0 we use the spectral decomposition to express A as in equation (15)). Since we can

always write each projector A; as an outer product, i.e. Ay = 5,{5};, we have,

3
A= Z Naa (51)
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where A; > 0 and Ez’z -dy = 1 for k = 1,2, 3. By linear combination of semigroups it is sufficient to simulate all GKS

matrices c‘ikc'iz with |@| = 1, for simplicity from this point onwards we drop the subscript k and just write @a' and
|d = 1. Any vector & can be split into real and imaginary parts, @X and @’ respectively,
a=a®+id. (52)

Since @ only appears in outer products multiplying @ by an overall phase ¢ leaves dd' invariant, i.e. if @’ = e¥a
then,

ada’ =eVaeVa =aa'. (53)
Multiplying by an overall phase changes & as follows,

— —/R -]

d=éeva=e"ak +ieva =ak +ia’, (54)

where @'% = @R cos(y) — @' sin(y) and @' = @R sin(y) + @' cos(y). So if we wish to simulate @d@" we could simulate

-,

@ d’" for any value of y. Defining the following two parameters,
ky =@ —1@'? and k, =2a"-d', (55)
and multiplying & by an overall phase changes k; and k, as follows,

K =1aRP? - @ = 1a@R cosy) — a@' sin() — |a@ sin(y) + @ cos(w)*
|(_1)R|2 COS(2lﬁ) — |6_l)l| COS(Zlﬂ) _ Sin(ZIﬁ)(Zc_fR . C_Z)I)
cos(u)k, — sin(2y)k,, (56)

and

Ky =2a® - a’ =2(@" cosy) - @ sin(y)) - (@ sin(y) + @ cos(y))
siny)(@"|* - |a@'1*) + cosu)(2a" - a@")
= sin(2y)k; + cosy)k,. 57

We can express the transformation of k; and k; as a matrix equation,
ki\ _ [cos(2y)  —sin(2y)) (k1 (58)
k)~ \siny)  cos2y) J\kz)

Since we can choose y arbitrarily we can make the choice,
k
tan(2y) = —=, (59)
ki

such that &, = 0, in which case @R . a@" = 0. In addition we can choose, Kk} = ki/ cos(2¢) > 0, such that la’k| > |a").
Hence due to the phase freedom in @ we can assume, without loss of generality, that @* - @ = 0 and |@| > |a@!|. Since

@R and @' are orthogonal and |d@] = 1 we can parameterize & as,

d=a®+id = cos(@)a® +isin(0)ad’, (60)
where |a| = |a!| = 1 are unit vectors and 6 € [-% 7]. Now performing a unitary transformation on aat by G € SO(3)
we get,

aat % Gaa'c! = (GayGa)'. (61)

Since G € SO(3) is real it does not mix the real and imaginary parts of @, so G simultaneously rotates the vectors aX

and @' . Hence G can be chosen to align the unit vectors a® and &’ to the +x and —y axis respectively, that is,
Ga® =% and Ga' = -j. (62)

So we can write,
@) = Ga = (cos(8), —i sin(8), 0)7, (63)
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where 6 € [-7, 7] and,
cos?(6) icos(@)sin(6) O
A(9) = @0)d®)" = |—icos(6) sin(6) sin®(0) of. (64)
0 0 0

Hence we see that using the methods of linear combination of semigroups and unitary conjugation to simulate
a Markovian semigroup, whose generator is specified by the GKS matrix A, it suffices to be able to simulate all
Markovian semigroups whose generator is specified by the GKS matrix A(6).

(Necessity) We now show that using linear combination and unitary conjugation it is not possible to simulate
the Markovian semigroup whose generator is specified by the GKS matrix A(6), through simulation of some other
combination and/or transformation of Markovian semigroups whose generators are specified by GKS matrices of the
form of A(&).

Firstly we note that A(f) = d(6)d(0)" is a rank 1 matrix and a projector onto the eigenspace of a single eigenvector
of A. Since rank 1 matrices are extreme in the cone of positive semidefinite matrices [38]], A(6) cannot be written as a
convex combination of positive semidefinite matrices. Hence no such A(6) can be simulated using linear combination
of semigroups that are specified by other such matrices A(¢").

We now note that multiplying the vector @ by an overall phase ¢ and the rotation G € SO(3) commute. This tells
us that to show that we cannot use unitary conjugation to simulate the Markovian semigroup whose generator is
specified by A(0), it suffices to show that, for an ¢ € [0, 27] and G € SO(3) if

VG = aw), (65)

where 0,0 € [—%, ZTT], then 8 = @. To see this let ké =k, = 0 and k’l, k1 > 0 in equation , this leads to the
following two equations,
k; =cos(2¥)k; and sin(2y)k; = 0. (66)

Since by assumption k{,k; > 0 we see that these equations are only satisfied when ¢y = 0, hence the phase
transformation ¢ is trivial and leaves @ unchanged. Now we know that d@(6) = cos(6)X — i sin(9)j so,

Gd(0) = cos()G2 + i sin()G(—§) = cos(6)% — i sin(h)j. (67)

From the above equation we see that G does not change 6, also since G was chosen to align the unit vectors a® and &/
to the unit vectors +% and —j respectively. We see that Ga(0) = d(0). Hence we see that,

eV Gao) = ao), (68)

and hence 6 = &'. Therefore it is not possible to use linear combination of semigroups and unitary conjugation to
simulate the Markovian semigroup, whose generator is specified A(#), with Markovian semigroups whose generators
are specified by matrices of the same form A(¢). O

Now by making use of Theoremwe can decompose the constituent channels Tt(k). We start with the GKS matrix
Ap = d’kd’z then by choosing some Cy € SO(3), and by performing a unitary transformation on d’kd’z with Cg we get:

CeACl = Crirdi) Cf = (Cidi)(Chdi)' = @00 = ABL). (69)
The above equation implies that,

Ay = CLABCr. (70)

Now we define the channel Tt(g") := exp(tLy, ), where,

3
1
Lop) = 5 D AEO((oi.perj) + o, o)), (71)
i,j=1

and the GKS matrix A(6) is given in equation (64). Using the definitions above we see that unitary conjugation of
the channel Tt(e") by Uy € SU(2) conjugates the GKS matrix A(6g) by some Cy € SO(3), i.e. equation lb Hence
unitary conjugation of the channel T’ (@ ® 5

. yields the channel 7,", i.e.

t

T,%(0) = (U T, U p) = UJITW Urp U1 U (72)
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This tells us that if we wish to simulate the channels from the semigroup {Tt(k)} we need to be able to efficiently
simulate channels from the universal semigroup {Tt(ek)} and apply a unitary transformation Uy € SU(2). In the next
section we shall discuss a recombination strategy to use the constituent channels T,(k) in second order SLT product
formulas to approximate the channel 7.

In this section, using methods developed for simulating Hamiltonian dynamics [7,[11]], we wish to show that we can
use the second order Suzuki—Lie—Trotter (SLT) product formulas [13}{14]] to simulate the channel 7 up to an arbitrary
accuracy €. In particular we wish to use a finite product of elements from the semigroup {Tt(k)} with Tt(k) = ek to
approximate the channel 7, and we also want to place a bound on the number of implementations of Tt(k) required in
this product.

Given the generator of the channel T; in the form as in equation (I9) we can absorb the scalars i into
the superoperators L by defining, Ly := A, L; and writing the generator as,

3
L£L=Y L (73)
k=0

Using the 1 — 1 superoperator norm we define the quantity A := maxge0,1.23) HLA;{HI_A, this allows us to bound the
1 — 1 norm of the generator ||.£]|;_,; in the following way,

%4

We consider the total evolution 7; = ¢/£ and by defining the parameter 7 := /N we can write one N™ of the total
evolution as,

1Llli-1 =

3
< Sl = an 74
k=0

1-1

To=et =exp(r i ) (75)

k=0

Now we define the second order SLT product formula S, (@) for some « > 0 [13]14] as,
3 0 X
Sa(@) = Sa(Lo, L1, La, L,y = | [ 35| [ e (76)
k=0 k=3

Now to calculate the bound on the error in the approximation of the total channel 7, we need to find the bound on the
difference ||T; — S2(7)||;—; and then consider N applications of the SLT integrator S, (7). The following theorem
shall encapsulate the bound on the error in our approximation as well as the number of implementations N required
to approximate the total channel.

Theorem 3. Given a quantum channel 7; = ¢'£ with a generator £ = 2220 Ly, and for 0 < € < 1 then there exists
some N such that,

<e (77
1-1

3
exp[z i:k) — S2)"
k=0

3
&) and 7= L.

with € > = i

To prove Theorem [3| we require some results which are stated in the following lemmas below.

Lemma 3. For 7 = {; > 0 we have that,

(4tA)?
3N3

(78)

3
ol 2] 0
0

k=

1-1
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Proof. We know that §»(t) will approximate T up to order 72, i.e. ||Tr — S2(?)ll;—; € O(T>), so we have that in the
difference T, — S (1) the only remaining terms in the Taylor expansion are of order 7° so we have

3 S
exp[r > fzk] ~ §2(1) = D Ri(®) = Wi(x), (79)
k=0 =3

where R,(7) are the remaining terms in the Taylor expansion of exp(T ZZ:O .fk) and W;(7) are the remaining terms in
the Taylor expansion of S (7). We can then write R;(7) as,

3
Ri(x) = ;—!ZL’ = };(Z&)l. (80)

k=0

We can then bound this quantity by using the fact that || £||;_,; < 4A, so that we are able to write,

le 7! ! 7! ! !
IR/l 1 = Hﬁz il £, < 77 11 (4A> (81)

—)l_l'

1-1

To write the form of the term W;(7) we need to consider the Taylor expansion of S ,(7), which is given in terms of the
product of Taylor expansions of each exponential in equation (76)),

0

Jittji
SQ(T) Z (;/i) l J 8LJ]£]2£]3LJ4LJSLJGLJ7LJ8’ (82)
77777 o N1 2. 8!
= Z Z (;/'2])21.+ s LJI£J2£13£14£15£]6£J7£J8’ (83)
120 jimjs=0 J1
Zm]m—l

where we have converted the eight infinite sums in (83)) to eight finite sums by restricting j, ..., jg such that they sum
to [ and one infinite sum. This allows us to write the term W;(7) as,

[

Jit..+Jj8
W[(T) Z (T/2) LJ1£J2£]3£]4£]$£16LJ7£J8 (84)
’’’’’ o Jiljaljg!

Zm ]m—l

To bound the term W;(7) we use the fact that ||-||,_,; is sub-multiplicative and sub-additive, so that we can write,

l (z/2)/1 -8 pIL PR PR3 pia pis pls pir pis
Wil = | >, S P L LR LI L I
1:J2..J8
..... jg=0
mem—l 1-1
l . .
(z/2)/1 s PIL P2 pI3 pla pis ple pin pis
< Y ST n ey
J1seeesj8=0
ijm—l
l j1+...+j
< Z (x/2)/ 77 ek or o8
- i1!175!1...7g! 0 1151 s 0111
W= Jilja!...jg!
2om Jm=l
! f1+...+j . . .
Y, S MRl 2 - ol
il js! Olli 1 1=Ulh—1 = 1011512
J1seesjg=0
ij,,,:l
1 . .
Ji1t+...t+J8 . . .
< Z %Alﬁ']ﬁmﬂs_ (85)
0]1']2 Js!
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To calculate the sum in equation (85) we must consider the Taylor expansion of the following expression,
ex (x)s =ex (x)ex (x) ex (x)
p 2 - p 2 p 2 A p 2 ]
_(i (x/2)7 )( N <x/2>f2) ( N (x/2>f'8)
= il N ! = s
i 1 (x)j1+j2+~-~+j8
= "0 o\ >
. =0 Jiljal.jgt\2

Z Z (x)j1+j2+~-+js
= ﬁ Y .
o J1i2t st 2

But we know that,

8 20 AP xP
exp(—) = exp(4x) = Z '
p=0
Now by equating equations (86]) and we see that,
i 1 (_x)jl tiatetjs 4P xP
il jel\2 T
g T2t Js! 2 p!
Xm Jm=pP

By using x = 7A in equation (88)we can write the sum in equation as,

Zl: M[\jﬁjﬁ'"ﬂs _ 41‘;1'Al ’
e |
this implies that the bound on ||W;(7)||;_,; is,
4lTlA1
!

Wi (D11 <

Now, using sub-additive property of the 1—1 superoperator norm, we can write

3
exp[r > fzk] — S1(7)

k=0

B

D Ri(T) = Wi(x)
3

1-1 = 1-1

< D IRl + WDl

(86)

87)

(88)

(89)

(90)

oD

92)

Using this upper bound on the remainder terms in the Taylor expansion of the exponential function we can write,

<2
3!
1-1

(47A)? 4tA)?  (4A
exp(4TA) = W €X (T)

3
exp[r > f:k] - $5(0)
k=0

(93)
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For large enough N we can approximate exp(%) ~ 1 which gives the desired result,
SR (41A)}
exp(‘r Z Lk] =S| S (94)
k=0 1-1
completing the proof. O
Lemma 4. For quantum channels 7 and V and for some N > 0 € Z,
|7V = VM|, S NIT = Vi (95)

Proof. We prove this by induction. For N = 0, 1 the equality in equation (93] holds and to show this would be trivial,
so for the base case in our inductive proof we choose N = 2,

[T =Vl L =l -Tverv=v2|
=TT -V)+ (T -V)VlliLs
<IT(T = WVllis1 + T =WVl s
=<7l 1T = Vil + 11T = VIS VIS - (96)

By recalling that for any quantum channel T by definition ||T’||;_,; = 1, this allows us to write,
172 = V2|| Sy <IT = Vil + 1T = Viloy = 21T = Vil oy - 97)

Hence we have verified that the inequality in equation (95)) holds for N = 2, we now assume that it holds for N = m
and show that it is true for N = m + 1.

[T =y || L = T = v e Ty = v
= lram vy + @ -vv .

<o [T = V|, + 10T = Vi V7], -

<m||T = V|51 +IT = VI VIR,
<(m+ DT =Vl - (98)
Therefore by induction the inequality in (93] holds true for all integers N > 0. m|

We are now able to write the proof for Theorem 3| using the above two lemmas.
Proof of Theorem[3| Given that T = t/N we can write exp(tL) = exp(TL)N which allows us to write,

lexpc.£) = S2™[|,,, = [lexp O = S0
< N|lexp(rL) = $2()| ., -

(4tA)?  (41A)3

3N3 . 3NZ

99)

where in the second line of |@i we used Lemma@ and in the third line we use Lemma By choosing € > (‘;%\2)3 we
get that ||exp(t£) - (S2(r)N 11 < € which completes the proof. O

3
Finally, using the fact that € > (ét;\,\z) we can obtain a bound on the number of implementations of Tt(k) required to

simulate 7 up to a precision €. We first see that,

(410)*/?

> Soi (100)

Quanta | DOI:|10.12743/quanta.v12i1.226 September 2023 | Volume 12 | Issue 1| Page 144


http://dx.doi.org/10.12743/quanta.v12i1.226

(4tA)?
(36)1/2

channels Tt(k) which implies that the number of channels Tt(k) needed to simulate the channel T;, which will be
denoted by Ney, is,

this tells us that we have at least implementations of S,(7), and in each S,(7) we have seven constituent

7(4tA)>3/?

Nexp >N = W

(101)

This places a bound on the number of implementations of Tt(k) needed to simulate 7, and this bound will be used in
the next sections to place a bound on the number of single qubit and CNOT gates needed to simulate the channel 7;.

We have seen from equation , that to simulate the channels T,(k) we need to be able to simulate channels from the
semigroup {T,(Q")} as well as apply some unitary transformation. We note that since the unitary transformation comes
from SU(2) it can be easily implemented with a single qubit unitary gate. So we are interested in finding a quantum
circuit that can simulate channels from the semigroup {Tt(e")}.

We do this using the techniques from [34]] to decompose the channel T,(H") into a convex sum of quasi-extreme
channels, which are channels that are generalised extreme points of the space of quantum channels and have only 2
Kraus operators. We can then use the Stinespring representation [[39] to find quantum circuits that correspond to these
quasi-extreme channels. Lastly we use the method of quantum forking [30] to implement the convex mixture of these
quasi-extreme channels. This will give us a quantum circuit that simulates the channel Tt(g") for some 6 € [-7, 7].

We now consider the channel Tt(e") = exp(tLy, ), whose generator is given in equation |i We now make use of the
matrix representation of the generator to find the matrix representation of the channel. We shall denote the matrix
representation of a channel or its generator by bold face. The generator L, has the following matrix representation,

(Lgab = tr[G} L (G)], (102)

where the operators {G,} is a basis for the space M,(C), and is given as

1 1 1 1
{Gi=—=1Gy=—01,G3 = —=02,G4 = —=03}. (103)

V2 V2 V2 V2

Now we note that the choice of this basis leads to a matrix representation of the channel that is called the affine map
representation. Now we can use equation (71)) and (102) to find the matrix representation of the generator Ly, as,

0 0 0 0
_ 0 —2sin%(6;) 0 0
Lo, = 0 0 ~2cos’(6) O (104)
—4 cos(6) sin(6y) 0 0 -2
Now to find the matrix representation of the channel Tt(g") we make use of the following,
T = ex
i = exp(iLg,). (105)
This leads to the following matrix representation of Tt(g"),
1 0 0 O
@ |0 4 0 0
T = 0 0 4 0 (106)
my 0 0 A3
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where

A = exp(—2t sinz(Hk)),

A = exp(—2t cosz(ek)),

A3 = exp(-21),

m3 = sin(26;)(43 — 1). 107)

Now to obtain the desired convex decomposition of the channel T,(G"), we need to find the Choi matrix [33]] of this
channel, i.e. 7, = (Tt(gk) ® 1)|Q2)Q), where |QQ) = %(lOO) + |11)). We do this using the following relation [40],

3
1
Teo = 7 Z(ngk))m,jﬂ(ffi o), (108)
i,j=0

where o9 = 1. Using equation (I08)) we find the Choi matrix to be,

a? 0 0 A+ A
1 0 b? A=A 0
A+ 0 0 d>

with
a=(++ms)?,
b=(1-X+m)?,
c=(1- 2 —m)?,

d=(1+ 1 —m3)?. (110)

At this point it is useful to adopt the notation used in [|34]] and define the Choi matrix in terms of the matrix in terms
of the matrix (T, ) = 27, this implies that 7, = LB(T\%).

The B(-) matrix defined in terms of the Choi matrix plays a significant role as this definition implies that 8 defines
an affine isomorphism between space of all CPTP maps on the space of states of a single qubit, denoted by @, and
the image B(Q) € M4(C). In particular, there is a one-to-one correspondence between extreme points of Q and those
of the image B(Q). This will correspondence will allow us to determine the extreme points of @, which will aid in
decomposing Tt(‘gk ) into quasi-extreme channels.

From this we can also find the Choi matrix of the dual channel Tt(e") using the following relation,

B = (ULBT W) Uas), (111)

where U»j3 is the permutation matrix that swaps the second and third rows of a 4 X 4 matrix and is defined as,

1 00O
¥ 0010
Us=Us=ly | o ol (112)
00 01
Using equation l) we find the matrix ﬁ(Tt(e")),
a? 0 0 A1+ 42
. 1l 0 2 A4-2 0
Oy _ = 1 2
BLE=31 0 a-a w2 0 (13)
L+l 0 0 d?

Quanta | DOI:|10.12743/quanta.v12i1.226 September 2023 | Volume 12 | Issue 1| Page 146


http://dx.doi.org/10.12743/quanta.v12i1.226

Now the Choi matrix corresponding to the dual channel, T,(Hk), is Tg,) = %ﬁ(f,(ek)). We shall now make use of the
following two lemmas and theorem from [34]], to obtain the convex decomposition of 7,), we state them below in a
modified form to suit our notation.

Lemma 5. Any contraction in M;(C) can be written as the convex combination of two unitary matrices.

Proof. Let R € M(C) be a contraction then ||R|| < 1, and its singular value decomposition can be written in the form

_,[cos(61) 0 f
R = V( 0 008(92)) , (114)
where V, W' € U(2). Now by using the fact that cos(8) = %(ei(’ + ¢7%), we have that,
1 (e + 7 0 +
k= VE( 0 et 4 ¢7i02 W
1 (e 0 g1 e~ 0 ¥

From the above it is clear that a contraction R can be written as a convex combination of two unitary matrices. O

Lemma 6. Given a matrix

J=(?T g) (116)

(1) T is positive semidefinite if and only if A > 0, B > 0 and C = VAR VB for some contraction R.
(2) Moreover the set of positive semidefinite matrices with fixed A and B is a convex set whose extreme points satisfy
C = VAU VB, for some unitary matrix U.

Proof. The proof of (1) follows from [41], suppose that A, B > 0 then by theorem (7.7.7) in [42] the block matrix J
is positive semidefinite if and only if

1>0(C'AT'CB™) = o(CtAT\CB1B72), (117)
= o(B2CTA"'CB™?), since o(AB) = o(BA) VA, B € M,(C)
= o(B2CTATIATICB™Y), (118)
= o((A72CB ) (AT CB YY),
= g(A"2CB2)%,  since o(ATA) = ¢(A)%, (119)

where o(-) is the spectral radius and ¢(-) the spectral norm. Setting R = A"1CB? (since¢(R) <1 = Risa
contraction) we have C = VAR VB as desired.

The proof of (2) follows from a well know result that the extreme points of the set of contractions in M,(C) are
unitary (see [41,43]]). Now if we define the affine mapping f : R — VAR VB for a fixed A, B > 0, where dom(f) is
the set of positive semidefinite matrices in M(C) and Im(f) € M;(C). Now the set of contractions in M;(C) is a
compact and convex set, and extreme points of the Im(f) are images of extreme points [34]. If R € Dom(f) is an
extreme point then it is unitary, and setting U = R we have that C = f(R) = f(U) = VAU VB [34,41]. O

The following theorem, from [34]], is stated without proof as the proof is lengthy and can be found in [|34]].

Theorem 4. A quantum channel 7} is a generalised extreme point of the set of all quantum channels of the same
dimension if and only if 3(T}) is of the form,

4 VAU \/E) (120)

IB(Tt) = (\/EUT\/Z B

for some unitary matrix U.
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We can now find the convex decomposition of 7,) . We start by writing the matrix B(Tt(e")) in block form as follows:

~(9) _ A C
BT, = (CT B), (121)
where
1(a*> 0 1 (2 0 1 0 A+
A_E(O 02), 3_5(0 d2)’ c_i(ll_&2 0 ) (122)

Now since ,B(Tt(ek)) > 0, we can make use of Lemma @ so that we can write C = VAR VB, for some contraction
R € M,(C), which leads to,

" A VAR VB
T(Hk) — . 123
= s -
Now we can compute the contraction R from the fact that C = VAR VB,
R=A"ICB,
1 1
-~ 0\1 0 A+ A - 0
— a _ b
R E Ny R ]
0 A1+
= (/11—/12 ﬂg ) (124)
bc

Now by making use of Lemma [3| we know that any contraction in M(C) can be written as a convex sum of two
unitary matrices, so if we let V = 1 and W' = o in equation (114} we have:

(0 cos(¢)) _( O %
B= ot 0" (b— 0/ (122
this gives the angles ¢ and ¢, as,
A+ A A=A
¢ = arccos( L -’;l 2), ¢ = arccos( ! 2). (126)
a

By making use of equation (115) we can write R as,
1 1

R==-U; +=-U,, 127
FUt+5U: (127)
where
0 e 0 e it
U = (ei¢’2 0 ) U, = (e_i¢2 0 ) (128)
We can now write,
BTy = A VAGGU, + 3U>) VB
' VB U + LU VA B ’
1A VAULVB) 1 A VAU, VB (129)
“2\VBU[VA B 2\vBUIYA B )
If we define,
- A AU; VB
BTy = i VAU; VB , (130)
«.)” ~\ VBU} VA B
for j = 1,2, then we can write:
N 1 . 1.
)y _ (k) (k)
By = SRR + SBAE). (131)
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Now by Theorem (4| the matrix ,B(T(( i;) is a generalised extreme point so the channel T( 0 1s a generalised extreme
point in the space of channels [34], also known as a quasi extreme channel. We can now begin to find the convex
decomposition of the Choi matrix 7, in terms of the Choi matrices of these quasi extreme channels, as follows. By
making use of equation as well as the fact that 7, = %B(T,(Hk)) we can find the desired convex decomposition
of the Choi matrix 7, in the following way. From equation and we have that,

BAH) = Unp(T ) UL,
=wwﬁ0%b+ aﬂ%nzy

1
=§wﬁ@%9 +—wwa%g i

1o @ @)
= 58T 1)+ —,B(T(,’g)) (132)
where ,B(T((fi; 3,8(T(([9§; 23, for j = 1,2. Now by defining, 7, ;) = Z,B(T((fj.;), we can write the convex
decomposition of 7g,) as,
1 1
Ty = 570D + 570 (133)

Using equations (TTT), (122), (128) and (I30) we can find the Choi matrices 7, ) for j = 1,2 to be,

a? 0 0 ade™
3 1 0 b? bce'? 0
@b =71 o bce 2 2 0 ’
ade'® 0 0 d?
a? 0 0 ade'®
1l o b>  beeT 0
o2 =741 o bce'? c? 0 (134)
ade™ 0 0 d?

Now by the Choi—Jamiotkowski isomorphism [32]] and equation (133]), we have the desired convex decomposition of
the channel Tt(ek) as a convex sum of two quasi extreme channels, i.e.

T(Gk)(p) — T(Okl))(p) + T((zes)(p) (135)

(t,2)°
we do this as follows. We make use of the following formula from [40]], for any Choi matrix 7 = (T ® 1)|Q)(Q| we

have 7 > 0 which implies,

Using the Choi matrices in equation (1 D we can find the Kraus maps corresponding to the channels T((ek)) and T(gk)

T= Z W<l = Z(Kj ® DIXQI(K; ® 1)T, (136)
J J

where each |;b ;) is the product of j-th eigenvector of 7 with its corresponding eigenvalue. Using the formula above
i

) we can obtain the Kraus maps for the channels T% and T% . For the channel 7% we have,

and equation (/1 1) (t2) (A

rit = YK o

where

—ig1 1 i$2
(ae 0)’ g L (O be ) (138)
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|®1) |®2) |®3) |D4) |®5)
+) — o — T |
| | | | |
0) ¥ | | X |
| R EACEE | |
%) Us H X : X : uUf >
| | | | |
$1) —x I I — I
| BRCEE | |
|$2) : K : X : :
| | | | |

Figure 1: The quantum circuit to implement the channel T,(k). Where ) is the system qubit, the qubit in state |+) is called the
ancilla lablled a, the qubit in |0) is the environment E and the states |¢,) and |p,) are arbitrary states needed for the quantum
forking algorithm that implements the convex mixture of the extreme channels.

T(ek)

o) Ve have,

For the channel

2
AP Q@) Q)
T(t,]§>(p)‘ZKj PK;™,

J=1

(139)

where

1 ig1
k@_ 1 (ae 0) , (140)

- L (0 be'
1 \/z 0 d 2 :

V2 \¢ 0

(k)
t

5.3 Construction of circuits for the simulation of T

Now that we have obtained a decomposition of Tt(e") as a convex sum of quasi extreme channels we now begin to find
a quantum circuit that can implement this convex sum of two quasi extreme channels so that we can simulate the
channel Tt(ak) on a quantum computer. To do this we first need to find unitary operators that correspond to the quasi
extreme channels, for this we make use of the Stinespring Representation of the channel [[39]. For more information

on the Stinespring representation for quantum channels refer to From the Stinespring representation and

equations (I37) and (T39) we have,

T (o) = e UV ((0X0] @ p)U V7], (141)
7% 0) = £ U (0X0| ® U, (142)
where,
ae_i¢l 0 0 —c
1 O d _be_i¢2 0
- -
V=5l 0 b a4 0| (143)
and
aei¢1 O O —c
110 d —be” 0
@ _
v V2l 0 b a 0 (144)
C 0 0 ae_i¢1
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Now from equation (I135), we implement a convex sum of the channels in equations (T41)) and (142)), which leads to,
1 1
@)\ — (6) (6r)
Tz ‘ (p) - ET(tﬁ)(p) + ET(I,S)(p)’
1 1 -
= 5tre[UV(0X0 @ YU ] + Stre[U2(10X0] @ p) U], (145)

Now to simulate the constituent channel 7’ we need to unitary conjugate the channel Tt(a") bu Uy, so from equation

t
(T45) we have that,
T9(p) = UL T (UipUD Uy,

1 1
ST ©) + STES ) Ui,

_ 7t
= Uk(2 1) 77 (t2)

1 PV | .
= Uy GuelUV(0X0 @ UpUDU™'] + St U (0X0l @ Urp U U DU,
1 . 1 o

= S U relUV(0X0 @ UkpU)HU VU + S Ul UP(0X0l @ UpU)U P DU (146)

Equation (146)) tells us that we need a quantum circuit that can implement a convex sum of the two unitaries U and
U® and the unitary conjugation by Uy, for this we make use of quantum forking [30]. The theorem below shall
outline how quantum forking is used to implement the convex sum of quasi-extreme channels.

Theorem 5. Given a convex sum of two quantum channels as in equation (I35)) and their Stinespring representations,
i.e. equations (I41)) and (142). The circuit shown in Figure[I|implements the convex sum of quasi extreme channels
as well as unitary conjugation in equation (146]).

Proof. We can show this directly by calculating the output state of the circuit in Figure|l|and tracing out everything
else except the system qubit. We note that the input states of the qubits are as follows: [+) = \%(lO) + 1)) is called

the ancilla qubit, |i) is the state of the system, |0) is the state of the environment and |@;), |¢,) are arbitrary states
that are needed to perform the quantum forking algorithm. The initial state of all the qubits is:

1
o) = [+)10) ) |¢1) |h2) = \—5<|0> 10) 1) 61 [h2) + 1) 10) 1) |¢1) |¢92)). (147)

We now calculate |®;), we do this by applying the operator Uy, to the system qubit |i). Now by denoting |¢") = Uy [¥)
we have,

1
|1 = $(I0> 10 [o") 1) Ip2) + [1)10) [0} 11} Ip2). (148)

Now a control swap gates swap the states [/') and |¢;) when the ancilla is in the state |1) and similarly the states |0)
and |¢,) are swapped when the ancilla is in the state |1), this leads to the state,

1
|0y) = @qm 10) [ Y 11) 192) + 1) 1h1) 92) [0} [0 ). (149)

We now apply the unitary operations U" and U® on the respective qubits, this yields,

1
|D3) = Trz("” U0y [ WUP 61 192)) + 1) UL (161 12) U (0) [0’ ). (150)

Now we apply the controlled swaps to swap the second and third qubits with the fourth and fifth qubits when the
ancilla qubit is in the state |1), so we have:

1
|D4) = @um UL(0) [y NUPp1) 1¢2)) + 1) UL ((0) [0/ WU (1) 162))). (151)

Lastly we apply the operation UZ to the system qubit which yields,
1

D<) =
|Ds) N

10y X @ UNHUL(0) [y NUD (161 1¢2)) + 1) (L @ UDUP(0) [ WUD (1) I62))).  (152)
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We now construct the density matrix that corresponds to the state of all the qubits after performing the circuit, denoted
by pior = |P5X D5, so we have,

1
po = 5(10X0/8 (1@ UHUD 10y [¢ NEOI w DUV (L ® Up) ® U1} [2) ({11 (o) UDT

+10X1® (1 ® UDUD(10) |¢' WO DUP (L ® U) © UP(I¢1) [62) (11 ($2h U
+1X0|® (1 ® UDUP(10) |w' WO DU (L ® Ur) © UV(1g1) [62) (1] (p2h U

+11X1|® (L ® UDUP(0) [’ WO PUD (L ® Up) © UV (1) 162)) (811 (p2h U D). (153)

From the density matrix of the total system of qubits we can now trace out the environment E, the ancilla a and the
qubits in an arbitrary state, used for the forking, ¢ and ¢,. Doing this partial trace leaves us with the state of the
system qubit after performing the circuit. We can do this in a few steps: We can start by tracing out the ancilla, we do
this by taking the trace over the first tensor factor from the left in pi¢ While using the fact that tr[|laXb|] = (al|b) this
leads to,

1 ;
tralpa] = (4010 ® (1 & UHU(0) |0 NOKY HU N (L @ Ui) © U 11} [92)) (1 (2 U "

+¢0[1) ® (L@ UHUM(10) |y WOl ¥/ DUDT (L Up) ® U (I1) [62)) (bl <o) U
+(110) ® (1 ® UNUD(10) [¢' NKOI W' PUVT (L @ Up) ® UV(1¢1) [62)) (11 () UPT

+ (1) ® (L@ UNUD(10) [¢' NEOI (' DUPT (L ® Up) ® UD(1¢1) 162011 <D UDT).  (154)

By using the orthonormality of the states {|0), |1)}, we can simplify equation (154)),

1 S
ttalpua] = (A ® UDUL(0) [ DCOIW U (A @ Uiy © UD(91) 192)) (1] (82D U
+ (1@ UNUD((0) [¢' N0 (' DUPT (L ® Up) ® UD(1¢1) [62)) (11 {p2h UDT). (155)

Now let us trace out the arbitrary qubits ¢ and ¢»,

e +¢r+a [Ptot] = try, +¢, [tra[protl],

1 .
= (A UDHUM(0) [¢' NOI (' DUV (L ® Up) @ te[UD (161 Ip2))((p1| (2D U]

+ <21 ® UNDUP(0) [y WOl PUP (A © Uy @ [TV (1) [620) (11 <D UDTD). (156)
Using the fact that,
U (61 162)( b1l () U] = 1 = el UD (1) [62) (| <) U], (157)
we can simplify equation (T56),
gy gy +alProt] = %((1 & UDU(0) [y W0l huP (1 e Uy)
+ (L UDUP((0) [ N0l PUP (L @ Uy)). (158)

We can now define the density matrix psg = trg +¢,+alPto], Which denotes the state of the system qubit and
environment. We can now obtain the state of the system pg, after performing the circuit, by tracing out the
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environment. From equation (I58)) we have,
ps = telpskl,
= %(trE[(l ® UNUL(0) [p N0l DU (L @ Uy
+ gL UHUP(0) [ N0l PUPT (L @ Up). (159)
Now by using the states {|0), |1)} as an orthonormal basis for the environment we can write equation as,

1 1
ps = —( 2 (@@ UHUL0) [ oW U (L @ Un(j) @ 1)
2\ 4

1
+ 2 (| ® DA ® U@ Nl hU e Uiy o ) (160)
J'=0

By using the fact that (jl@ 1)(1® U)) = (1& UN((jl® 1) and (1@ U)(1j® 1) = (1) ® 1)(1® Uy), we can write ps
as,

1 1
ps = —(Z(l@ UDl @ HUL0) [p NI DUV @ DUk 1)
2 =

1
+ > Ao UN/| & HUP0) [y N0 PUP () & D(Ux 1)),
=0

J
= S(U LU D0) [0 NAOK U UL + Ute (U210 [o )OIy U@ 105). (161)

By observing that (|0 [r"))({0] (¢’|) = [0X0| ® [y"Xy'|, and from the definition of |y/") we have that [OXO0| ® [/'Xy’'| =
|0X0| ® Uy, [y X| Uz. If we define p = [ Xy|, we can write (|0 [ »)({0] (¥']) = |0X0| ® UkpUT, this allows us to write

equation (I61) as,

1 T T
ps = 5 (U U 0X0l © UnpU)U MU + U e[ UP((0X0 © UrpU) U 1U),

1 o) T [
= SWUITE U UD Ui + UTS UrpUDU),

1 @ NG
= Ui G T UspUD + S TE8 (UipUD) Ui,

= U/T™ (UpUD) U,
=T (). (162)

t,1) (t,2)
last equality follows from equation (146). Hence we have shown that the circuit in Figure [I|implements the convex

sum of quasi extreme channels and unitary conjugation in equation (I46)), which completes the proof. O

We get the second equality in equation ID from the Stinespring representation of channels T((g") and T% and the

Now that we have a circuit that can implement the constituent channel Tt(k), i.e. Figure|l| We need to decompose the
unitary operations U and U® into single qubit gates and controlled not (CNOT) gates. Before we can do this we
observe that, %(a2 +c¢*) =1and %(b2 +d%) =1 so we can define,

cos(@) = —a, sin(a) = —c,
V2 V2
1 1
cos(B) = —b, sin(f) = —d. (163)
V2 V2
This allows us to rewrite the unitary operations U" and U® as,
e cos(a) 0 0 —sin(a@)
0 sin(B)  —e~%2 cos(B) 0
@1 _
v = 0 €'?2 cos(B) sin(B) 0 ’ (164)
sin(a) 0 0 €1 cos(a)
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and

€1 cos(a) 0 0 — sin(a)
0 sin(8)  —e'®? cos(B) 0
@ _ |
U= 0 e cos(B) sin(B) 0 (165)
sin(a@) 0 0 e cos(a)
Now let us start by decomposing the unitary matrix U", we observe that,
v =u Uy, (166)
where
e cos(e) 0 0 —sin(a)
a _ 0 1 0 0
U, = 0 01 0 , 167)
sin(a) 0 0 e cos(a)
and
1 0 0 0
@ |0 sin(B)  -e®cos(B) O
Ug = 0 € cos(B) sin(B) ol (168)
0 0 0 1

Now using the methods outlined in |Appendix A|we can find quantum circuits for the operations UI(L‘D and U g). First
we define the following 2 X 2 matrices, which will assist us in the decomposition,

~1) _ (e cos(@) - sin(a) ~1y [ sin(B)  —e 2 cos(B)
Up = ( sin(@) € cos(a))’ Up =\ ie: cos(B) sin(8)  |° (169)
Now for the unitary matrix US) we can write,
01 0 0)1 0 0 0 01 0O
U = 1 0 0 0|][0 e cos(@) O ~—sin(@) [|[I O O O
A 10 0 1 0}f0 0 1 0 0010
0 0 0 1)\0 sin(a@) 0 e cos(@))0 0 0 1
= (I0X0| ® X + 11| ® 1)(1 ® |0X0] + T ® [1X1))(J0X0| ® X + [1X1] ® 1). (170)

From equation li we can find the circuit that corresponds to U/T), and it is shown in Figure a). Now using the
same method above we can find a circuit that implements the operation U b,

0 1 0 0y sin® 0 —e®cos® 0)(0 1 0 0
g _[1 000 0 1 0 o|{1 0 0 0
B710 0 1 0Offe?”cos(d 0  sin@®  0||0 0 1 0f
0001 0 0 0 J)lo o0 1
= (I0X0| ® X + [1X1] ® 1)(TY ® [0X0] + 1 ® [1X1))(J0X0| ® X + [1X1] ® 1). (171)

The circuit that implements Ug) can be seen in Figure b). Now we can put these circuits together to get the circuit
that implements the unitary operation U", this can be seen in Figure[3] Since (J0X0] ® X +[1X1|® 1)? = 1, we drop
the two open CNOT gates in between the circuits for U g) and Ui‘l), and get the simplified circuit for U in Figure

We now want to decompose the controlled 1721) operation into single qubit gates and CNOT gates. We use the results
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] | 05‘1) — - [?1(91)
Uf(xl) _ Ul(;l) =
A\ A\ B _

(@ (b)

g
[e
g

Figure 2: Circuit that implements the operators U;l) and Uf) .

L = g g
U(l) = U](S’l) U,(ql) — l
N\

Figure 3: Circuit that implements the opertation UV,

from |Appendix Alto decompose this operation as follows. Since det(US)) = 1, this implies that Ui‘l) € SU(2), then
by Lemmal(7| we have,
—ig) . —ig)
~(1) e 0 )(cos(a) -—sin(a@)\[e™ 0
Uy = o (| o [
0 7 )\sin(@) cos(a) 0 e2

= R:(¢1)R,(2a)R (1) (172)

Now from Lemma @ we can decompose the controlled US) operation into single qubit and CNOT gates as seen
in Figure 4 We can now decompose the open controlled Ug) operation into single qubit gates and CNOT gates.

This is done in the same way as for the controlled U;l). Since det(Ug)) = 1, this implies that Ug) € SU(2), then by
Lemma [7] we have,

) . iy
~1) _|e 0 (sm(ﬁ) —cos(,B)) [e 2 0 )
Up' = ,

cos(B)  sin(B) 0 ef"fz

_ e_izwz 0 cos(
sin(

_p) _sin(g—ﬁ)](ezf g ]

~B) cos(5-4) +

2

[STE BT

= RZ(¢2)Ry(2(g ~BIR(=¢2). (173)

Now from Lemma@we have the circuit for the open controlled U g) operation in Figure|5l Let us now decompose
the unitary operation U®. From equation (165) we observe that,

D

I0e | R.(=¢1) — Ry(—0)

C -

Ry(a) R.(¢1) —

Figure 4: Circuit that implements the controlled Ugl)operation.
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— TP — — R.(—¢2) T Ry(=(3 - 8)) T Ry(5 — B) { R=(¢2) —

Figure 5: Circuit that implements the open controlled 0g)operation.

5 g - g
v | = l v | = J
U

(@) (b)

q
g
[
g

Figure 6: Circuit that implements the U/(f) and Ug) unitary operations.

v =uPuy, (174)
where
e?cos(@) 0 0 —sin(e)
@ _ 0 1 0 0
Y=l 0 0 o | (175)
sin(a@) 0 0 e cos(a)
and
1 0 0 0
@ _ |0 sin(B) —e?2 cos(B) 0
Ug = 0 e cos(B) sin(B) ol (176)
0 0 0 1
We can now define the following matrices,
~(2) _ €1 cos(a) —sin(a@) ~(2) _ sin(B3) —e'?2 cos(B)
U = ( sin(f@) e cos(a))’ Up' = €92 cos(B) sin(3) |° a7
From the matrices in equation (177)), we can now decompose Uﬁ\z) as follows,
U = (100l ® X + [1X1]® 1)(1 ® [0X0| + T @ |1X1)(0X0| ® X + [1X1] ® 1). (178)
Figure Eka) shows the circuit that implements Uf). Now let us decompose the unitary operation Upe),
U = (100l ® X + [1X1]® 1)(L ® [1X1] + T @ 10X0D(0X0| ® X + [1X1] ® 1). (179)

Figure Ekb) shows the circuit that implements U 1(92) . We can put this together and make the same simplification to
the circuit as we did for the unitary operation U, where the two open controlled CNOT gates are replaced by the
identity operation. Now Figure [7|shows the circuit that implements the unitary operation U®.

We can now decompose the controlled Uf) operation and the open controlled Ug) operation using the methods
from in a similar way to the decomposition used above for U'"). We obtain the circuit for the controlled
Uf) operation, which is shown in Figure E and the circuit that implements the open control Ug) operation is shown
in Figure @ This completes the decomposition of the operations U and U® into single qubit and CNOT gates.
We can now use these circuits in the circuit shown in Figure [1|to simulate the constituent channel T[(k).
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- mal - . 7@ 5@
U@ = Bl ay = J l
S B = B \N % b \N %

Figure 7: Circuit that implements U®.,

7 R.($1) | Ry(~a)

D
=
=
&
s

|

Figure 8: Circuit that implements controled Uf(‘z).

We now combine the results in the previous sections and state the full algorithm for the simulation of a single qubit

. . 3/2 . . .
open quantum system, which requires O ((2?/2 ) gates as a solution to the problem defined in Section

(1) Given the generator L as defined in Section [3] the spectral decomposition of the GKS matrix A yields the
decomposition of £,

3
L= L, (180)
k=0

with Cy € SO(3) and 0k € [-7, 7] specifying the decomposition so that,
A = CLABCr. (181)

for all k=1,2,3.
(2) Next we choose a precision € > 0 so that we can calculate the number of implementations N of S,(7), with

(41A)*2
> 182
GOl (182)
(3) Implement S,(7) N times using,
T,%(p) = (UTV U () = UIT, X (UnpU)]1Us. (183)

where Ak, A and 7 have been incorporated into . Uy is obtained from Cy, as per Section |3} and T[(,gk) is implemented
via quantum forking as per Section One should note that to implement products of Tt(/k) we use the same circuit
as in Figure|l|but for each implementation of Tt(,k) we use a new qubit for the environment and arbitrary states |¢1)
and [¢7).

Now that we have summarised the full algorithm, one should be aware of the implication this has for simulating
Markovian open quantum systems. This algorithm provides a framework for digitally simulating any single qubit
Markovian open quantum system, up to a high enough precision allowing us to study the dynamics of systems for
which their master equation cannot be analytically integrated.

This tutorial set out to pedagogically introduce the tools and techniques needed to construct algorithms for the
simulation of Markovian open quantum systems by looking at an algorithm for the simplest case of the simulation of
a single qubit open quantum system. Of course, the reader is urged to use the ideas and techniques taught here to

Quanta | DOI:|10.12743/quanta.v12i1.226 September 2023 | Volume 12| Issue 1| Page 157


http://dx.doi.org/10.12743/quanta.v12i1.226

- T R,(~(5 - B)) T R,(3 B R.(¢2) —

Figure 9: Circuit that implements open control 171(32).

study the more general cases of simulating Markovian open quantum systems of arbitrary and finite dimension [21]]
as well as the case of simulating non Markovian open quantum systems [44]].

In light of the results presented in this tutorial one should also mention the possible avenues of extension. The first
major issue that was recognised in developing algorithms to simulate open quantum systems and an issue that plagues
this algorithm as well, is the fact that we can only approximate our channel 7 up to second order with SLT product
formulas so as not to violate complete positivity. This constraint arises from the fact that you cannot use higher order
SLT product formulas for coefficients that are all positive, as proven by Suzuki in [[13[]. Given this information one
could look into methods for approximating the channel 7 to higher orders that do not violate complete positivity.
Another area of extension would be with regards to the simulation of Markovian open quantum systems with arbitrary
dimension [21]], where on could possibly tackle the open problem of convexly decomposing the universal semigroup
of arbitrary dimensional channels into extreme channels [45].

We need some useful results from [46], for the decomposition of the unitary matrices corresponding to the quasi-
extreme channels. We also make use of the quantum computing notation to denote the Pauli matrices as:

o =X, o =Y, o3 =7 (184)

Definition 1. We define the following unitary matrices,

R,(0) = exp(—igY) = cos(g)l - isin(—)Y = , (185)

R,(0) = exp(—i%Z) = cos(g)l ~ isin(g)Z = (e;)ig e?g] , (186)
P(5) = (e(i)& 695). (187)

We shall make use of the following lemmas to decompose any 2 X 2 unitary matrix.

Lemma 7. Suppose U is a 2 X 2 unitary matrix. Then there exists a, 5, 6, 6 € R such that,
U = P(O)R(a)R,(O)R-(B). (188)

Proof. Since U is unitary its rows and columns are orthonormal, from which it follows that there exists @, 3,9, € R

such that,
i6-3-5) cos(g) _ei0=5+5) sin(Q)
T ei6+5-5 sin(gz) o6+5+5) cos(gz) : (189)

Now equation (188) follows directly from the definitions of R, R,, P and matrix multiplication. |

e
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U C

D
\V

B—P— A

Figure 10: Quantum circuit implementing the controlled unitary gate c|(U).

Lemma 8. Suppose U is a 2 X 2 unitary matrix. Then there exists 2 X 2 matrices A, B, C such that ABC = 1 and
U = P(6))AXBXC.

Proof. First we observe that, XYX = —Y which implies that,

XR,(0)X = X(cos(g)l - isin(g)Y)X - cos(g)l - isin(g)XYX - cos(g)l + isin(g)Y —R,(=0).  (190)

Now if we set A = R,(@)Ry(%), B = R,(~DR.(ZE) and € = R.(L,2), we have,

s = w2 (G5 57) o (3 ) (5 £52)

= R()Ry(O)R(-a) = R(0)R(-) = 1 (191)

Since X? = 1 and from equation (190) we see that,

XBX = XR, (—Q)RZ (—(ﬂ . Q))X = XR, (—%)XXRZ (—(ﬁ ; a))x =R, (Q)Rz(w i “)). (192)

2 2 2 2

Thus,

AXBXC = R.(a)R, (g)XRy (—Q)Rz (‘M) AR; (ﬁ;a)

2 2 2
0 0 + @) —a)
= R(@R (5)R (5 )R ((ﬁ . )Rz ((ﬁ . ) = RA@R,(OR-(B). (193)
Now by Lemma (7] we have that,
U = P(§)AXBXC, (194)
as required. |

Now we require a way to decompose a controlled unitary operation. We have the following lemma which tells us
how to do this.

Lemma 9. For any 2 X 2 unitary matrix U, a controlled unitary gate c;(U) can be simulated with the quantum circuit
in Figure[I0]with A, B, C € SU(2), if and only if U € SU(2).

Proof. For the “if” part let A, B and C be defined as in Lemma|8] If the value of the control qubit is O then ABC = 1
is applied to the target qubit. If the value of the control qubit is 1 then AXBXC = U is applied to the target qubit.
For the “only if” part note that ABC = 1 must hold if the output of the circuit is correct when the control qubit is
0. Also if the circuit simulates a ¢ (U) gate then AXBXC = U. Therefore since det(AXBXC) = 1, U must also be
special unitary and hence U € SU(2). m|
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When we constructed the unitary operators that implement the quasi extreme channels we make use of the Stinespring
representation of the quantum channel 7 [39}/40,47], this appendix shall provide a brief outline of the Stinespring
representation as well as an example of its use.

Theorem 6. Let T : B(H,) — B(H,) be a CPTP map where H; is the Hilbert space of the system. Then there
exists a Hilbert space Hp called the environment whose and a unitary operator U acting on the joint space H; ® Hg
and a quantum state |0X0| € B(H ) such that

T(p) = rg[U(0X0|® p)U'], Vp € B(H,) (195)
where dim(Hg) > dim(%H,)? and the representation is unique up to a unitary equivalence.

Given the Kraus representation of the channel 7' as in equation ([3) one can embed the Kraus in the first block-column
of U that acts on the system as well as auxilary qubits that emulate an environment and we populate the rest of block
columns so that U is unitary. Now we have,

v=|. . (196)
K,
where r < dim(H,)?. This is done so that when we apply the unitary U to an initial state |0) @ |/) we get,

Uoye ly)) = > 1)@ K;lv), (197)
j=1

J

where {| j)};:1 is an orthonormal basis for the environment. Now by taking the outer product of this state and tracing
out the environment we get the action of the channel T on the initial state [y Xy, i.e. T (Y Xy]), we can demonstrate
this as follows,

r r

e d > X7 @ KXl Kt = > e {7} K wXud K = " Gl KXl K,
1

»J'=1 JJ'=1 b=

DS KWK = " KXl K] = T(wXud). (198)
j=1

JJ'=1

Now that we have seen how to use the Stinespring representation of the channel to construct a unitary that acts
on the total system plus environment, given the Kraus representation of the channel. Let us see an example of the
Stinespring representation for the simple amplitude damping channel.

0) —— Ry(0) '

[4) D Tap(¥) (¥])

Figure 11: The quantum circuit that implements the amplitude damping channel T xp, where the first qubit is the environment in
the state |0) and the second qubit is the system. We observe that the arrow on the environment refers to the partial trace taken
over the environment.

Quanta | DOI:|10.12743/quanta.v12i1.226 September 2023 | Volume 12 | Issue 1| Page 160


http://dx.doi.org/10.12743/quanta.v12i1.226

Example 1. (Amplitude Damping for a single qubit) Let
us consider the amplitude damping channel 74p, with
Kraus operators,

Ko = [0X0l + 1 = plIX1], Ki= +/plOX]]

where in this case [0) = (1,0)7 and [1) = (0, 1)”. Using
the Stinespring representation we get the unitary,

(199)

10 0 0
0 Vi—p —vp O

Uap = . (200)
P70 yp T-p O
0 0 0o 1

for which a circuit can be constructed using the methods

in yielding the circuit in Figure [TT] with

6 = 2 arcsin \/]_9) and R,(0) = exp(—igY).
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