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t is shown that the complex phase of the Feynman

propagator is a solution of the quantum Hamilton-

Jacobi equation, namely, it is the quantum Hamil-
ton’s principal function (or quantum action). There-
fore, the Feynman propagator can be computed either
by means of the path integration, or by the way of the
Hamilton—Jacobi equation. This is analogous to what
happens in classical mechanics, where the Hamilton’s
principal function can be computed either by inte-
grating the Lagrangian along the extremal paths, or
as a solution of partial differential equation, namely
the classical Hamilton—Jacobi equation. If the path
is decomposed in the classical one and quantum fluc-
tuations, the contribution of these quantum fluctua-
tions satisfies a non-linear partial differential equa-
tion, whose coefficients depend on the classical action.
When the contribution of the quantum fluctuations
depend only on the time, it can be computed by means
of a simple integration. The final results for the prop-
agators in this case are equal to the Van Vleck—Pauli—
Morette expressions, even though the two derivations
are quite different.
Quanta 2023; 12: 22-26.
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1 The Method

As well known, the propagator is the fundamental quan-
tity in Feynman’s space-time approach to non-relativistic
quantum mechanics [[1,2]]. It gives the quantum amplitude
for a particle to go from a point x4 at time #4, to xp at
time 7p, as a path integral, namely, a sum of contributions
¢[x(#)] from each path connecting the two points in the
time g — t4 (for simplicity we adopt a one-dimensional
notation):
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here L(x(1), v(?), t) is the classical Lagrangian.
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(lﬁ% — H (xp, tg) | K (xB, t|xa, t4) = 10 (tp — t4) O (xB — x4)

where H is the Hamiltonian operator.

When xp # x4 and ¢ > t4, the propagator therefore satis-
fies the time-dependent Schrodinger equation, and in this
way it can be connected to the Quantum Hamilton—Jacobi
Equation (QHIJE) [7-9]. This latter, fully equivalent to the
Schrodinger equation, is the starting point of the Wentzel—
Kramers—Brillouin (WKB) approximation, and appears
when one tries to find solutions in exponential form

W(x, 1) = CeiSD 3)

of the Schrodinger equation for a particle of mass m in a
potential V(x):
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S (x,1) in (3) is a complex function and C is a constant.
By inserting (3) into (4), the time-dependent QHJE
results:
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When # = 0, the last equation reduces to the classical
Hamilton—Jacobi equation for Hamilton’s principal func-
tion S, also named the action [[10]].

As the propagator actually is a kind of wave function,
this argument applies to it too. Therefore, if we write the
propagator in the exponential form

K (xp,tglxa, ta) = CenS-tobata)

(6)

where C is a constant, for xg # x4 and fg > 4, the quan-
tum action S (xp, 5|x4, t4) has to satisfy (5) with respect
to (xg,tg). Thus, if one finds the appropriate solution
of (3, by means of (), it is possible to compute the
kernel K(xp, tg|lxa,t4) without do recourse to the path
integration. Conversely, from the logarithm of a known
propagator, the corresponding solution of (5] can be ob-
tained.
A further step can be done by separating the path x(r)
as
x(1) = xc(1) + y(1) (7)

where x.(f) is the classical extremal path, and y(tp) =
y(t4) = 0. The quantum action § is therefore split as

S (xB,tplxa, ta) = S ci(xB, tlxa, ta) + A(xp, tglXa, 1) ,

®)

Quanta | DOI:|10.12743/quanta.v12i1.223

2)

where S .; is the classical action

'B
Scl(xB’tB|xA’lA):f L (xq(t),ve(t), ) dt,  (9)

A

and the additive term A(xp, tg|xa,4) gives the contribu-
tions from the expansion of S (xp, fg|xa,%4) in terms of
y(t) and % (except for the linear one, which vanishes due
to the equation of motion).

As a function of (xp, 75), the classical action (9) satis-
fies the classical Hamilton—Jacobi equation (Eq. (3] with
#i = 0). Therefore, by inserting (8) with x = xg and = 1
considered as variables and fixed x4, 24, into (5)), one gets
an equation for the function A(x, t]x4, f4):

o)
Ox 2m\ dx?
(10)
The known quantities in this equation depend on the clas-
sical action.
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In the following, the dependence of the various func-
tions on the parameters (x4, f4) will be sometimes under-
stood.

When A depends only on ¢, which happens for instance
when the Lagrangian is quadratic, Eq. (T0) reduces to

0N ith 6°S
= Zd (11)
ot 2m 9x2
So that the function A(?) in this case is obtained as
h (1 0*S
Alt) = — —dr. 12
(® o 2 (12)

7}

Putting this into (8), the propagator is given by (6], apart
from the multiplicative constant C which, following Feyn-
man [2f], can be computed by remembering that the kernel
has to satisfy the equation

l//(xB,tB)Zf K (xp, tglxa, ta) Y(xa,t4)dxs  (13)

o0

The expansion of this equation in the quantities € = 15 —14
and M = xp — x4 gives
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W _ (T W, 0%
t//(x,t)+eat —IDOK(x+n,t+elx,t)(t//(x,t)+778x+r] sz)dn’ (14)

where the notation has been simplified by writing (x, f) instead of (x4, t4). By doing the integration and comparing
the leading terms in € on both sides, the constant C can be computed.

2 Applications

2.1 The free particle

The classical action is:

1 m(x — x4)?
So(x, tlxa, tg) = - ————— . 15
cl(x, 1|x4, 14) > =10 (15)
From (I2)) one gets:
h
A(t) = %log [t —ta] . (16)
According to (8] the quantum action, namely, the phase of the kernel, therefore is:
1 _ 2
S thata) = —m A hlog [ Vi—1a] . 17)
2 (t—1ty)
and from (6)), the kernel itself
2
. ool ey - SO ;
X, tlxa,t4) = Cexp|— x 0+ A@)| =
(. tia,ta) = Cexp| 5 (S | = (18)
At the leading order in €, Eq. (T4) gives
f * e%dn
x,1) = C=—=——y(x,t 19
Y(x, 1) Nz Y(x, 1) (19)
so that
m
C=./l— 20
2mifi (20)
when inserted into the last equality in (I8)), reproduces the correct result [2]].
2.2 The harmonic oscillator
The classical action is:
_ mw 2
Sal®0) = 3o |(x = x4)% cos [w(t - 14)] = 2xx4 ] - Q1)
From (12))
h
A(t) = %log [sin [w(z — t0)]] - 22)
The quantum action therefore is
1 1
S(x, 1) = Emwx2 cot [w(t —1t4)] + Elh log [sin [w(t — t4)]] (23)
and the kernel is evaluated as
exp | £ 5= | (x — x4)% cos [w(t — 14)] — 2xx4
K(x, tle’tA) — C [h ZSIn[w(t tA)] [ . ]] (24)
sin [w(t — t4)]
The constant C in this case is
mew
C=./—. 25
2mih 25)
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With this value of the multiplicative constant, Eq. (24)
gives the well-known propagator for the harmonic oscilla-
tor. The procedure above is simpler than the original one
by Feynman [2], which integrates on the coefficients of
the Fourier expansion for the kernel, and also with respect
to that reported in many books [3-6], which exploits the
limit of a difference equation.

For the harmonic oscillator driven by a time-dependent
force, the classical action is given by Eq. (3.66) of Ref. [2],
and it is the sum of the corresponding one for the free
harmonic oscillator, plus terms which are linear in the

propagator from our method is the same as computed by
means of the path integration [4].

The method presented in Section [I|can be applied to the
generalization of the previous case, namely, when all the
coeflicients of the quadratic Lagrangian depend on the
time

L= % [a(t)uz - b(r)x2] + c(f)x (26)

In the following, we will present the case of a damped
oscillator [4]], with the coefficients

coordinates x4 and xp. Therefore, the function A(#) and a(t) = me” , b(t) = mw’e” , c(t) =0. (27)
the constant C are the same as for the undriven case,
given by (22)) and (23)), respectively. In this case too, the The classical Lagrangian is
1 1
Salx, 1) = Eﬁ {5 (e"’f‘xi - e"txz) v+ Q ((e"”‘xi + e"’xz) cos [Q(t — 14)] — Zeéﬂ’HA)xxA)} (28)
sSin — 1A
where
2
Q=42 -L (29)
1
The additive imaginary part A(¢) to the quantum action is
1 1 .
Al = —Zzhy(t — )+ Elh log [sin [Q(t5 — t4)]] - (30)

Finally, by computing the multiplicative constant C by the method previously exposed, the propagator for this case

results

y(t=ty)

Kx thnta) = 2 4| M2 € F At
2mifi \[Sin[Q (7 — 14)]

which is the correct expression [4].

In this paper, we have analyzed the link between the
Feynman propagator and the quantum Hamilton—Jacobi
equation. When the propagator is written in exponential
form, its complex phase is a solution of the QHJE, with
respect to the coordinates and time of the final point, and
contains the coordinates and time of the initial point as
parameters. By analogy with the classical case, we name
it the quantum Hamilton principal function or quantum
action. Thus, the propagator can be computed either
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1
2 y(1+t 1
(eV’A xi +eV’x2) cos[Q(t—14)]-2e2 YA yy s )+ Zmy(eWA xi —e”xz)]
b

€29

by means of Feynman’s path integration, or by means
of that equation. This is analogous to what happens in
classical mechanics, where Hamilton’s principal function
can be computed either by integrating the Lagrangian with
respect to the time along each extremal path, in a region
covered by a family of non-intersecting extremal paths
[11}/12]], or as solution of a partial differential equation,
namely, the classical Hamilton—Jacobi equation.

In classical mechanics the action is a fundamental dy-
namical quantity. The same happens in the quantum case,
being the corresponding quantity, namely, the quantum
action, the phase of the wave function, or the phase of the
propagator, as the case. These quantum functions gen-
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erate the corresponding classical ones in the limit when
Planck’s constant tends to zero, 7 — 0.

If the path is decomposed in the classical one and the
quantum fluctuations, the contribution of these latter satis-
fies the non-linear partial differential equation (I0), whose
coefficients depend on the classical action. While this
latter is a real function, the quantum one is a complex
quantity. When Planck’s constant & goes to zero, the
imaginary part of the quantum action vanishes and this
function reduces to the classical corresponding one. As
the Hamilton—Jacobi formulation of the classical mechan-
ics is fully equivalent to those respectively based on the
Lagrangian or the Hamiltonian functions, this shows how
in this approach the classical mechanics emerges from the
quantum one. In fact, these three formulations of the clas-
sical mechanics are all based on the same fundamental
principle, namely, Hamilton’s principle of least action.

When the contribution of the quantum fluctuations de-
pends only on the time, as happens for the quadratic
Lagrangian, it is computed by means of a simple integra-
tion. It this case, the final result for the propagator is the
same of the so called Van Vleck—Pauli-Morette expres-
sion [[13H15]], even if the procedure is quite different.

[1] R. P. Feynman. Space-time approach to non-
relativistic quantum mechanics. Reviews of Mod-
ern Physics 1948; 20(2):367-387. doi:10.1103/
RevModPhys.20.367.

[2] R. P. Feynman, A. R. Hibbs. Quantum Mechan-
ics and Path Integrals. Dover, Mineola, New York,

2010.

[3] L. S. Schulman. Techniques and Applications of
Path Integration. Dover Publications, Mineola, New

York, 2005.

[4] D. C. Khandekar, S. V. Lawande, K. V. Bhag-
wat. Path-Integral Methods and their Applications.
World Scientific, Singapore, 1993. |doi:10.1142/

1332.

[5] C. Grosche, F. Steiner. Handbook of Feynman Path

Integrals. Vol. 145 of Springer Tracts in Modern

Quanta | DOI:|10.12743/quanta.v12i1.223

[10]

[11]

[12]

[13]

[14]

[15]

Physics. Springer, Berlin, 1998. |doi:10.1007/
bfb0®109526.

H. Kleinert. Path Integrals in Quantum Mechanics,
Statistics, Polymer Physics, and Financial Markets.
5th Edition. World Scientific, Singapore, 2009. doi :
10.1142/7305.

A. Messiah. Quantum Mechanics. North Holland
Publishing Company, Amsterdam, 1961.

M. Fusco Girard. Analytical solutions of the quan-
tum Hamilton—Jacobi equation and exact WKB-like
representations of one-dimensional wave functions
2015;arXiv:1512.01356.

M. Fusco Girard. The quantum Hamilton—Jacobi
equation and the link between classical and quan-
tum mechanics. Quanta 2022; 11:42-52. |doi:
10.12743/quanta.v11i1.202.

H. Goldstein, C. P. Poole, J. L. Safko. Classical
Mechanics. 3rd Edition. Addison Wesley, Boston,
2001.

M. Giaquinta, S. Hildebrandt. Calculus of Varia-
tions 1. Vol. 310 of Grundlehren der mathematis-
chen Wissenschaften. Springer, Berlin, 2004. doi :
10.1007/978-3-662-03278-7.

M. Giaquinta, S. Hildebrandt. Calculus of Varia-
tions II. Vol. 311 of Grundlehren der mathematis-
chen Wissenschaften. Springer, Berlin, 2004. doi :
10.1007/978-3-662-06201-2|

J. H. Van Vleck. The correspondence principle in
the statistical interpretation of quantum mechanics.
Proceedings of the National Academy of Sciences
1928; 14(2):178—188. |doi:10.1073/pnas.14.2.
178.

W. Pauli. Pauli Lectures on Physics. Volume 6: Se-
lected Topics in Field Quantization. Dover Publica-
tions, Mineola, New York, 2000.

C. Morette. On the definition and approximation of
Feynman’s path integrals. Physical Review 1951;
81(5):848-852. |doi:10.1103/PhysRev.81.848.

April 2023 | Volume 12| Issue 1| Page 26


http://doi.org/10.1103/RevModPhys.20.367
http://doi.org/10.1103/RevModPhys.20.367
http://doi.org/10.1142/1332
http://doi.org/10.1142/1332
http://doi.org/10.1007/bfb0109520
http://doi.org/10.1007/bfb0109520
http://doi.org/10.1142/7305
http://doi.org/10.1142/7305
http://arxiv.org/abs/1512.01356
http://doi.org/10.12743/quanta.v11i1.202
http://doi.org/10.12743/quanta.v11i1.202
http://doi.org/10.1007/978-3-662-03278-7
http://doi.org/10.1007/978-3-662-03278-7
http://doi.org/10.1007/978-3-662-06201-2
http://doi.org/10.1007/978-3-662-06201-2
http://doi.org/10.1073/pnas.14.2.178
http://doi.org/10.1073/pnas.14.2.178
http://doi.org/10.1103/PhysRev.81.848
http://dx.doi.org/10.12743/quanta.v12i1.223

	The Method
	Applications
	The free particle
	The harmonic oscillator
	The driven harmonic oscillator
	Quadratic Lagrangian with time-depending coefficients

	Concluding Remarks

