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states of systems strongly coupled to thermal

baths is a great theoretical challenge with
promising applications in several fields of quantum
technologies. Among several strategies to gain ac-
cess to the steady state, one consists in obtaining ap-
proximate expressions of the mean force Gibbs state,
the reduced state of the global system-bath thermal
state, largely credited to be the steady state. Here,
we present analytical expressions of corrective terms
to the ultrastrong coupling limit of the mean force
Gibbs state, which has been recently derived. We
find that the first order term precisely coincides with
the first order correction obtained from a dynamical
approach—master equation in the strong-decoherence
regime. This strengthens the identification of the re-
duced steady state with the mean force Gibbs state.
Additionally, we also compare our expressions with an-
other recent result obtained from a high temperature
expansion of the mean force Gibbs state. We observe
numerically a good agreement for ultra strong cou-
pling as well as for high temperatures. This confirms
the validity of all these results. In particular, we show
that, in term of coherences, all three results allow one
to sketch the transition from ultrastrong coupling to
weak coupling.
Quanta 2022; 11: 53-71.
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1 Introduction

The dynamics of quantum systems strongly coupled to
thermal baths have recently received a lot of interest fu-
elled by hopes of understanding or even discovering new
phenomena in quantum transport [[IH8], quantum thermo-
dynamics [9H15]], quantum sensing [I6HI8]l, as well as
understanding better the underlying physics of some es-
sential biological functions [[I9H22]. In most of these ap-
plications, to know the steady state of the system strongly
coupled to the bath is often essential and sufficient. Such
steady states greatly depart from usual equilibrium steady
states [23H26]]. While the properties of the most gen-
eral open quantum evolutions have been known for long
time thanks to the seminal paper by Sudarshan, Mathews
and Rau [27], their precise time evolutions and steady
states are still a challenge of the theory of open quantum
system [28].

To obtain some information about strongly coupled
steady states, several strategies have been developed, in-
cluding embedding techniques like reaction coordinate

and pseudo-mode [31-34]], or numerical
techniques (Hierarchical Equation of Motion) [22/[35/[36].
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One alternative strategy consists in focusing directly on
the steady state without going through the description of
the whole dynamics. In this perspective, the global steady
state of the system and bath is expected to be the global
system-bath thermal state at the bath temperature [[37-43].
The steady state of the system is then given by tracing
out the bath, which is often referred to as the mean force
Gibbs state [25,43]/44]]. Such partial trace is usually
very challenging, but can be done at least approximately
assuming for instance a weak coupling [24,[25//40,45]].
Another interesting regime, and potentially containing
more novelty, is the ultrastrong coupling regime, when
the strength of the coupling is larger than the system’s
energy scale. However, only few papers considered such
situations. In [25[], Cresser and Anders provide the ex-
plicit expression of the mean force Gibbs state in the limit
of infinite coupling. In particular, they show that it is close
to the form of the steady state obtained in [[46L/47]] using
arguments from eisenselection [48]], although there are
also some slight differences. Despite being an interesting
result, it would be welcome to have also information on
how the transition from the weak coupling limit to the ul-
trastrong coupling limit happens, as well as on the steady
state in intermediate regimes which are experimentally
more accessible.

In this perspective, introducing a technique inspired
from the displaced oscillator picture [49150] for diagonal-
ization of the quantum Rabi model as well as reminiscent
of the polaron transformation [51}[52], we recover the
infinite coupling limit of [25] and go beyond by provid-
ing first order corrections. In the regime of high bath
temperature or low bath frequency, we derive a very sim-
ple approximate expression. We compare our results
to two very recent derivations. The first one [44] was
obtained from a master equation in the so-called strong-
decoherence regime, a generalization of the ultra-strong
coupling regime, and actually coincides with the first or-
der expansion derived here. This confirms that a system
interacting with a thermal bath does converge, at least up
to first order, to the mean force Gibbs state even in the
ultra-strong coupling regime. The second recent deriva-
tion [S3] consists in a high temperature expansion of the
mean force Gibbs state, a generalization of a derivation
introduced in [[54]]. The comparison with this result is es-
sentially numeric, and we find an overall good agreement
in the expected regime of validity.

Additionally, we show that the provided corrective
terms allow to sketch the transition from the ultrastrong
coupling limit to the weak coupling limit. Finally, we
provide some higher order corrections in Section
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We consider the following total Hamiltonian

7‘(53=HS + Hp + AH], (1)

where Hp := > wkaZak is the bath Hamiltonian com-
posed of the bosonic creation and annihilation operators
aZ and gy, A is a dimensionless parameter representing
the strength of the system-bath coupling, H; := AB is the
system-bath coupling term, and B := }; gi(ax + a/t) is the
usual coupling bath operator. As in the quantum Brown-
ian motion [28], there is an extra term A2QA? appearing
during the derivation of the solution which corresponds
to the renormalization of the system’s energies due to the
interaction with the bath. This is also taken into account
explicitly in [25]]. The quantity Q, the “re-organization
energy” [25155]], is defined as Q := fooo dwlJ(w)/w, where
J(w) is the bath spectral density, J(w) = X gié(w — wy).
Such extra term is often added initially, “by hand”, so
that it cancels out later on during the calculation when the
renormalization takes place. Following this procedure,
we add the extra term A2QA? so that the total Hamiltonian
is now

Hgp = Hg + QA% + AAB + Hp,. ()

Note the difference of notation between the “natural”
Hamiltonian Hs g (1)) and the renormalized Hamiltonian
Hsp (2). As a matter of completeness, we also mention
in Section [/.5|the derivation starting from the “natural”
Hamiltonian (), which leads to renormalized final ener-
gies (or pseudo-energies). This shows in particular that
both derivations are equivalent, as expected, but that the
renormalization has to take place at some stage, either
initially or finally.

As mentioned in the introduction, the global steady
state of the system and bath is expected to be the global
thermal state (assuming [Hg, A] # 0) [37-43]

PSp = Zspe P, 3)
where Zgp := Trgp (e‘ﬁHSB) is the partition function.
Then, the corresponding reduced steady state is

05 = Zs pTepleP5e], )

which is called mean force Gibbs state [25],43,44]. We
are going to approximate this state in the regime of ultra-
strong coupling, when A becomes larger than the energy
scale of Hy.

We first split Hg g in two, Hg on one hand, and 120A% +
AAB + Hp on the other hand, and take it out of the expo-
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nential using the usual identities [56]. It leads to

o PHsB _ o, BHp+IAB+A>QA%) ,~T foﬁ duI:IS(u)’ (5)
with 7 representing the “S-ordering operator”, acting on
inverse temperatures in the same way as the usual time
ordering operator acts on exponential time integrals, and

Hs(u) := e"(H”/lABJ"’leAZ)HS o U(Hp+AAB+A> QA%) 6)
Now, by noticing that Hp + AAB + A2QA?

_ Mkt
Sk a)kZ)kb}:ka)T, where Dy 1= e Gi=boA 1 a displace-

ment operator by an “amount” AgyA/wy acting on the
mode k, we can re-write Hg + AAB + A2 QA? as a “mixture
of displaced baths”. To see that, we denote by a; and
la;) the eigenvalues (assumed to be non-degenerate for

simplicity) and corresponding eigenvectors of the observ-

_ A9k ot
able A, and by Dy := e “* e=bar the displacement op-

erator by the quantity Agxa;/wy acting only on the mode k.
Then, we have

Hp+AAB+ QA% = " oy DibbiD]
k

= o ) laXalDebbiD]
[

3
= Z Wi Z Ia1><azli)k,lb;tbk@z,z
k [

= D laXailHp,, (7)
I

where we defined the “displaced bath” Hp; :=

Dk wk@klblbkﬂz,l = Hp + Aaq;B + /lzale, reminiscent

of the displaced oscillator picture [49,/50]. From there we

obtain,

eu(HB+/lAB+/12 0A?)

so that

Hs (u) Z lar)arle"™ 5 Hglay Yaple™ 5"

Ly
HY™ + HP(u),

©)

where HY® = Y hla)a| and HPMw) o=
iz hurlaraplesie My | defining hy = (aj|Hslap),
and hyp = (a|Hglay).

Taking out H;” from the exponential e’ | durts W,
we obtain,

o7 ¥ dufs (w) o BHE =T s duﬁ§°h(u),

(10)
with

~ POpP ~ Pop
Hgoh(u) = eMHS HgOh(u)e_”HS
= Z e ag)aple"Bie™ sy | (11)

£24

defining w;y := h; — hy. Combining the identities (3), (8)
and (10)), we arrive at

- _ _BHPP _q (B g, fjcon
sy = ZS}%Z lar)ayle PP PHS " ¢ Jy dubls? @
1

Y e e i,
[
(12)

This leads to the following expression for the mean force
Gibbs state,

aQ _ _ _ _ B F7coh
Py = Zsp Ze Bh |, ay| T | e PHB1e™T by duHS (0]
1

et ZilanailHp, (13)
D laae ™, (8)
l The toughest part is, as expected,
B Eeo b B it Un—| ~ ~ ~
Trg | e PHB1e~T Iy 4l h(u)] :Z(_nn f duy f du... f du,Trg [e—ﬁHBJHg‘)h(ul)Hg"h(uz)...H§°h(un)].
= 0 0 0
(14)

In the following, when we mention “first order term” or
“higher order terms”, we refer to the terms appearing in
the above expansion (I3). So far, we made no approxima-
tion, making (T3]) an exact expression. Since this problem
is not exactly solvable, we have to make some approxi-
mations in order to reach an explicit form. Before that,
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let us see how one can recover the infinite coupling limit.

From expression (I3)), it might not be obvious how one
recovers the infinite coupling limit. It actually comes
from the terms Hg"h(u) which contain overlaps between
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displaced baths, e*/51¢=“Hsr  The coupling strength be-
tween S and each mode of the bath is given by Agy. Thus,
when A goes to infinity, the displaced baths Hp; and Hp y
tend to be displaced infinitely far apart from each other
(for [ # I’). Consequently, the overlap and the expec-
tation value Trg[e BHBieHbr o~uHB1"] tends to zero for
increasing coupling strength.

Extending this reasoning to higher order terms, we see
that all terms Trp [e‘ﬁH Blflg"h(u 1)I:I§°h(u2)...l:1§°h(un)]
contain multiple overlaps of different displaced baths, and
therefore tends to zero as the coupling strength increases.
In Section we show numerically (for a two-level
systems) that the higher order terms tend to zero as the
coupling strength increases. Thus, in the infinite coupling
limit, only the first term of the sum in (I3)) is different
from zero. It leads to

poe = 7] Ze-ﬂ’"|a,><a,|TrB |12
I
= @) eMaal, (15)
1
where Z* := ZZS—: and Trp [e‘ﬁHBJ] = Trp [e‘ﬁHB] = Zpis

the partition function of the uncoupled bath. Note that
since p "> is a normalized state, we also have the identity
Ze =3 e7P_ The above expression (T3) is exactly equal
to the one derived in [25]], and recently shown to coincide
with the steady state in the ultrastrong coupling limit [44]].

As seen in the previous section, the term I?‘;Oh(u)
contains overlaps of displaced baths, so that terms
Trp [e’ﬂH&’ I:I§°h(u1)I:I§°h(u2)...ﬁ§°h(un)] of increasing or-
der contain overlaps of increasing order and are therefore
significantly smaller than terms of lower orders (for large
coupling strength). With this assumption, we are going
to retain only the first and second term,

O Zg};Ze_ﬁhllalxall{TrB [e_ﬁHBJ]
1

B
~Trp [e—BHB»I fo duﬁg"h(u)]}. (16)

The first term gives Trp [e‘ﬁHBJ ] = Zp, as already seen in
the previous section. The second term gives,

B
Trp [e‘ﬁHBJ f dqu"h(u)] th/,zﬂlaz/>(a1~|
0

I

B
X f dueuwl”]" TrB I:e_ﬁHB’]euHB’], e_uHB,l”] . (17)
0

Since, when injected in (I6), this expression will be mul-
tiplied by |a;){a;| on the left-hand side, one only needs to
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compute

B
Zhl,1,|a1)(a1,|f due" " Trp [e_ﬁHB”e”HBJe_”HBv"],
I#l 0

(13)

where the index / and I’ were made equal. After some
manipulations, we can obtain the following expression for
Trp [e‘ﬁHBJ s e‘”HBJ’] (details provided in Section ,

Trg [e—ﬂHB,l eHai1 ,~uHpy ]

2.2 [ JW)  uw_ _ 1T
N CIE 1)(1 waﬁ)’

= Zpe 19)

where ap; := ap — a;. We finally obtain, up to second
order,

Py = Y pllaal = Y pihu firBlaarl,
l

LIS
(20)

with p}® := e B /Zg and

2 j(‘)‘x’ dw%(e““’—l)(l— l—e_“’“)

A —22q
fl,l’(,B) = f due"iv e . =B )
0
(21)

Note that we have the following identity (see Section[7.2))
P firB) = P fra(), implying (aloflar)* = (arlpflar),
as it should be.

Additionally, f; _(8) tends to zero when A goes to in-
finity, so that we recover the infinite coupling limit (T3).
One can also see that the first order corrections affect
only the coherences (in the eigenbasis of A). These ob-
servations coincide with the ones in [44]]. Finally, the
expression obtained starting from the natural Hamilto-
nian (T]) instead of the renormalized one (2)) are the same
as (20) and (2] but substituting the pseudo-energies A,
by the renormalized ones /; — /lzale (see Section .

Depending on the bath spectral density, it might not
be possible to obtain an exact analytical expression of
J1.r(B), so that some approximations would have to be
made. However, assuming the bath temperature is high,
or equivalently that the dominant frequencies in the bath
are low, we can obtain an approximate expression of
f1.r(B) witout even specifying the form of the spectral
density. More precisely, we assume that J(w) vanishes
for w > w,, where w, < 8~!. Then, for w € [0;87'], the
factor (" — 1) (1 - 1:?::2) can be approximated by

1
e — 1
1
w? (

l _ e—uw

Cl—ep

) -4 (1 - E) +O0(wp), (22)
w B
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which is actually a very good approximation as soon as
wpP < 1. With that we obtain

/12 2’f° dw]((;)(em 1)(1_1 j;) /12“12',1”(1_/%)(2,
(23)
and
ﬂ 2.2 u
fir®B = f duerrr ¢~ (150
0

- Blop| L [Be ,
 Alapl Q{DF[zﬂlazgll \/;(/l @19 = w”)]

wy ; E 2
+éP DF[MW| \/; @ al,lQ+wlp)]}

(24)

where DF(x) := e fox du e is sometimes referred to
as the Dawson function.

The above expression can be further simplified as fol-
lows. The strong coupling regime can be characterized by
a re-organization energy A>Q comparable to, or larger
than, the energy scale of the system [25,26]. Thus,
in the strong coupling regime one can expect to have
20 > max; |k, implying

B, 1 B 2
\/g“ Qo) ~ s ghene

~ \/ﬁ/lTQ (25)

Finally, since DF(x) = 5~ + O(x™3) for x > 1 (the ap-
proximation is actually very good for x > 3), we can find
the following simple approximate expression for fj;(5)
asuming A2Q > B!,

2Aay |

1 + e@urB
Aa ZZQ

wl,l’(l — euF)
4.4 02
A al,’lQ

o> 0p)1.
(26)

JirB) =

As illustration of our results, we consider the versatile
and famous spin-boson model [|57]] characterised by the
following total Hamiltonian

A
O'Z + -0y +Ado,;B+ Hp,

€
Hsp = >

(27)

where o, and o, are the Pauli matrices. The spin Hamil-
tonian Hg can be re-written as

€ A
=—0,+ =0y =

ws
Hy 3 2 7(I6>(€| = lgXgl), (28)
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with wg 1= Ve? + A2,
o) = (ws + e+) + Al-)
 V2ws(ws + 6
g) = —Al+) + (ws + €)]-) (29
' V2ws (ws + €) '

and |+) denotes the eigenstates of o,. Since coupling
observable A is equal to o, we have g, = £1, q;p =
ar-=—a_; =2, = =x€/2, lyp =hy_ =h_, =A/2,
and wypy = hj— hy = wy- = —w-4 = €. Additionally,
since 0'? = I, the renormalized Hamiltonian is equal to

€ A 2
Hgp = 50-2+§0-x+/10-zB+HB+/1 0,

which simply corresponds to redefining the origin of the
spin energy. This can also be verified from the renormal-
ized pseudo-energies defined in Section which are
given by h=; = hy=y — a12/12Q = +€/2 — A2Q. Thus,
for the spin-boson model, the energy renormalization in-
duced by the interaction with the bath has no impact on
the reduced steady state.
Applying expression (20), we obtain

(30)

1
O S g o
PS = hel2 1 gper2 [e [+)(+ + P2 =)~
_ée_ﬁé/Zf (ﬂ)|+><_| _ éeﬁe/2f (ﬂ)|—>(+|]
2 o 2 -t )
(31)
with
f+ _(ﬁ) = fﬁ dueeue—4,12 fo°° da)‘,ﬂ%)(e”‘”—l)(l 11 e:[;u)
, 0
B = fﬁ due_ﬂ‘e_zt/12 b dw%’))(euw_l)(l = eu‘;u)
, 0

(32)

Without specifying explicitly the bath spectral density, if
we consider that J(w) vanishes for frequencies smaller
than 8~!, then the approximation (24) of Section ap-
plies, and we have,

ﬁ\[{ [M\PMZ ]

+e¢PDF [% \/g(uzg +€) } (33)

Assuming furthermore A2Q > e and A°QB > 1, charac-
teristics of the ultrastrong coupling regime, we can use
expression (26), leading to

e(1 — eP)
162402

f+,—(ﬁ) =

1 +e¥ N
4220

+0[(A*0B) 1. (34)

J+-B) =
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In a recent paper [44]], Trushechkin obtains corrections
to the ultrastrong coupling limit by deriving and
solving a strong-decoherence regime master equation
(generalization of the ultra-strong coupling regime).
Additionally, a high temperature expansion of the mean
force Gibbs state was recently derived in [53]]. In this
section, we compare our result with the aforementioned
ones. We start by briefly introducing them.

Trushechkin. In [44], the author derives the first order
correction to the steady state in the ultra strong coupling
limit, which actually coincides with the general expres-
sions (20) and (Z1I) (see details in Section [7.6). As a
technical note, the results in [44] are actually valid when
the bath spectral density satisfies limg,— 40 % > 0, and
the equivalence of the first order correction in [44] with
(20) and (21) is guaranteed only within this condition
on the bath spectral density (satisfied by usual spectral
densities).

As a sanity check for the numerical simulations below,
we compare, for the spin-boson model, our approximate
expression (33) of fi _(B) with the high temperature ap-
proximation in [44] based on an over-damped spectral
density, also sometimes called Lorentz—Drude spectral

density,

S = 220
T w:+w
where Q is precisely the re-organization energy as-
sociated with the over-damped spectral density, and
w. represents the cutoff frequency. Note that the
dimensionless factor A is not explicitly present in [44],
but one can make it appear by multiplying the bath
spectral density by A2. Then, the reorganisation energy
becomes A>Q. Additionally, the steady state populations
obtained in [44] correspond to the one obtained for
infinite coupling limit [25]], as we also derived in (15)

and (20).

Timofeev & Trushechkin. The derivation in [53]], a gener-
alization to arbitrary system-bath coupling of [[54], con-
sists in expressing the mean force Gibbs state through
approximating the Hamiltonian of mean force. In other
words, o3 = Zs_llgTrB[e_'BHSB ] is expressed in the form
Z;,IlFe‘ﬁHMF, and an approximated expression of Hyr,
the Hamiltonian of mean force, is provided to second
order in S in the following form [53]

di _ —g. )2
HG® = AA% 4 )" e PN Oy (i

n#m

(35)

Hyr =

+O(BY), (36)

where A is the re-organization energy, A = Y, a,|n){n| is
the system operator coupling with the bath, as previously,
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di
H™ = 3, (nlHgln)n)(nl, and Juy = (n|Hs|m). Re-
expressed using the notations used throughout our paper,
we have

Hur = ) hila)al - QA
l

) e PR gy (37)

[#l

The term —1?QA? corresponds to the renormalization of
the system’s energies, which has to be performed initially
as we did above, or finally, as shown in Section|/| The
partition function is given by Zyr = Trg[e PHmr].

Applying the above expression to the spin-boson
model, we obtain

A
Hyr = —o,- 20+ e 808g
2 2
€ A _pp2
= SO+ e PBECBy (38)

where we dropped the renormalization term in the second
line since in this situation it only corresponds to redefining
the origin of the energies. Thus, the expression of the
mean force Gibbs state derived in [53] and applied to the
present spin-boson model is
pur = Zige [Pl e | + 5P g | (39)

VETAZ, N = e PPOBA ey =
(W +e)l+)+A"|-) Ig,> =N |+)+(w§ +€)l-)

V2w (W +e€) ’ V2w (W +e) ’
e~9sPI2 1 ¢wsBI2 This expression has the merit of tending
to the right limit when A — 0, namely pyr — Z~'e™PHs
the usual thermal equilibrium state. This is not the case
of the expression (31)), which is expected since it is meant
to be valid in the opposite regime, when 1208 > 1. In
the eigenbasis of o, the expression of pyr becomes

3 / P—
with wg =

and Zyr =

1
PMF = = l—itanhcugﬁ/Z [ERYEY
2 wy

1 € ’

’

2w

- tanh wgB/2(1 )| + [=)+). (40)
s
A brief analytical comparison between {0) and (31)) is
provided in Section

In Fig.|1} we have plotted in semi-log scale the coherences
of the mean force Gibbs state (a) ¢® := (+|pF|-) in the
eigenbasis of A, and (b) c:fg := (elp’lg) in the eigenbasis
of Hg, in function of the coupling strength A2Q in unit
of €, for A = 1.5¢, w. = 2¢ and €8 = 0.1. The orange
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0.02+
0.01+
L
(b) 0.1
Figure 1: Plots in the semi-log scale of the mean force Gibbs
state coherences (a) ¢* := (+|p§|=) in the eigenbasis of A,

and (b) ¢;’, = (elpg'lg) in the eigenbasis of Hs, in function of
the coupling strength A2Q in unit of €, for A = 1.5¢, w,. = 2¢
and €8 = 0.1. The orange thick solid curve corresponds to

@B1) using the high temperature approximation 33) of fi_(B),
while the gray thin dashed line corresponds to the further

simplified expression (34) of f+.-(B). The purple thick dashed
line is the mean force Gibbs state coherences given by the high
temperature expression derived in [44|]. The black thin line is
the mean force Gibbs state coherences given by (40).

thick solid curve corresponds to (3T)) using the high tem-
perature approximation (33) of fi _(8), while the gray
thin dashed line corresponds to the further simplified ex-
pression (34) of fi. _(B). The purple thick dashed line
is the mean force Gibbs state coherences given by the
high temperature expression derived in [44]. The black
thin line is the mean force Gibbs state coherences given
by (40).

As expected, on can see an excellent agreement be-
tween (33) (orange curve) and the expression given in
[44]] (purple dashed line). The very slight discrepancy
appearing at intermediate coupling strength comes from a
slight difference in the derivation of high temperature ap-
proximation between (22)-(23)) and eqs. (56)-(57) of [44]
(high temperature approximation before time integration
of the bath correlation function). However, there is a sig-
nificant discrepancy with (0] (black line) at intermediary
and strong coupling strength. Beyond that, it appears
from (a) that for increasing coupling strength, the mean

Quanta | DOI:|10.12743/quanta.v11i1.167

C
5 10 +
-0.01+
- 0-02 r :- A ::::_'_'_'.'.‘.‘-’d‘.rr---.......
(a) e
CSSeg
0.4r
0.3+
0.2-
0.1¢
| | I !

Figure 2: Plots in the semi-log scale of the mean force Gibbs
state coherences (a) ¢ := (+|p§|-) in the eigenbasis of A, and
(b) ¢;}y = (elpglg) in the eigenbasis of Hs, in function of the
inverse temperature €B, for A = 1.5¢, w. = 1€ and 2>Q = 10e.
The orange thick solid curve corresponds to (31)) using the high
temperature approximation 33) of fi.—(B), while the gray thin
dashed line (almost indistinguishable from the orange curve)
corresponds to the further simplified expression (34) of f+_(B).
The purple thick dashed line is the mean force Gibbs state
coherences given by the high temperature expression derived
in [44)]. The black thin line is the mean force Gibbs state
coherences given by (@0).

force Gibbs state tends to a diagonal state in the eigenba-
sis of A, as expected from the ultrastrong coupling limit
(13) and [25/46[47]. Conversely, for decreasing coupling
strength, one can see in (b) the emergence of a progres-
sive transition to a diagonal state in the eigenbasis of Hg,
as expected from the weak coupling limit.

In Fig.[2] we have plotted in the semi-log scale of the
mean force Gibbs state coherences (a) ¢** := (+|og|-)
in the eigenbasis of A, and (b) ¢}, = (elpglg) in the
eigenbasis of Hg, in function of the inverse temperature
€B, for A = 1.5¢, w, = le and /12Q = 10e. The colour
convention is the same as in the previous figure Fig.
Again, as expected, we observe a very good agreement
between (33) (orange curve) and the expression given
in [44] (purple dashed line). We also observe a signifi-
cant discrepancy with (@0) (black line) out side the high
temperature regime.
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Figure 3: Plots of the mean force Gibbs state excited population
(a) p? = (+|p§|+) in the eigenbasis of A, and (b) py’ :=
{elpgle) in the eigenbasis of Hs, in function of the coupling
strength A>Q in unit of €, for A = 1.5¢ and €8 = 0.5. The
orange thick solid curve corresponds to the mean force Gibbs
state excited population obtained in (33), [44], and [23|[46|[47)]
(all coinciding). The black thin curve corresponds to the excited
population given by @Q). The blue dotted curve corresponds
to the thermal population in the vanishing coupling limit, p™ =
e sBI(1 + esh),

In Figs. 3]and ] we have plotted the mean force Gibbs
state excited population (a) pY := (+[o¢’|[+) in the eigen-
basis of A, and (b) p;® := (e|pg’le) in the eigenbasis of
Hg. As for the coherence, Fig. |3|is in function of the
coupling strength A2Q in unit of €, for A = 1.5¢ and
€B = 0.5, while in Fig. 4] the plots are in function of the
inverse temperature €83 in a semi-log scale, for A = 1.5¢
and 2°Q = 5e. For both figures, the orange thick solid
curve corresponds to the excited populations of the mean
force Gibbs state obtained in (33)), [44]], and [251/46,47]
(all coinciding), while the black thin curve corresponds
to the excited population given by (@0). Finally, the blue
dotted curve corresponds to the thermal population in the
vanishing coupling limit, p* = ¢=@sB/(1 + e~@sB).

We can draw conclusions similar to Figs. [I] and [2}
namely that both predictions coincide very well at high
temperature as well as for ultra strong coupling. However,
some discrepancies emerge for intermediate and large
coupling strength as well as for large £.
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Figure 4: Plots of the mean force Gibbs state excited pop-
ulation (a) p = (+|p§|+) in the eigenbasis of A, and (b)
Py = (elpile) in the eigenbasis of Hs, in function of the in-
verse temperature €5 in a semi-log scale, for A = 1.5¢ and
A2Q = 10e. The orange thick solid curve corresponds to
the mean force Gibbs state excited population obtained in
B3, [44)], and [25|[46|47] (all coinciding). The black thin
curve corresponds to the excited population given by [@0). The
blue dotted curve corresponds to the thermal population in the
vanishing coupling limit, p" = e P /(1 + e~“sP).

We have obtained a perturbative expansion (I3)) and (T4))
of the mean force Gibbs state in the ultra strong coupling
regime, using a technique inspired from the displaced
oscillator picture [49}50] and polaron transformation. The
zero order term confirms the result of [25]/44]]. Analytical
expression of the first order term is derived, (20) and (21]),
and is found to coincide with the first order correction
derived in [44] (within the mild validity condition of [44],
see Section[7.6]for more detail). This increases the range
of the known situations in which the steady state of a
system interacting with a thermal bath does converge
to the mean force Gibbs state. This convergence was
recently shown for weak coupling up to the first order
[24}140,/45]], for the ultra strong coupling regime up to
the zeroth order [25]], and is now confirmed in the ultra-
strong coupling regime up to the first order, thanks to the
complementary results in [44].
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In the high temperature regime, a simple and explicit
general expression is derived (24) for the first order cor-
rections. This expression is numerically compared for
the spin-boson model with the result of [53]] obtained
by high temperature expansion of the mean force Gibbs
state. For sanity check, a comparison of (24) with the
high temperature approximation of [44] is also made, and
the very good agreement in all regimes of parameters is
confirmed. Very good agreement is also observed at ultra
strong coupling as well as high temperatures between our
result and the one from [53]]. This strengthens the validity
of all three approaches. Thanks to them, we are able to
draft the transition from the ultra-strong coupling regime
to the weak coupling regime, Fig. [Ib.

However, going further, significant discrepancies
emerge between our result and [53]] at moderate coupling
strength and moderate temperatures. For those values
of parameters, further analysis with higher orders are
needed in order to confirm which result is the more accu-
rate, as well as to reconstruct accurately the full transition
weak-to-ultra-strong coupling and provide a good approx-
imation of the steady state in all regimes. This does not
seem out-of-reach according to the preliminary results on
higher order terms obtained in Section[7.3] Additionally,
benchmarking the results with other techniques like re-
action coordinate or pseudo-modes would be interesting
and instructive.

In order to compute Trp [e‘ﬁHBJe”HBJe‘”HBJ’], one can
first rearrange it in the following way,

Trg [e—ﬁHB,leuHB,le—MHB,z'] = Trg [e—(ﬂ—M)HB,le—MHB,J']
[ i
— TI'B % (Dk’le—(ﬁ—u)bkbk DZ’Z) e—uHBJ/:|

= Trg|e - Hs ™" 2k ka]‘(JDk‘,/b}:bkﬂz’l,ﬂk’[]

Ee—(ﬁ—u)HBe—u(H3+/1a1/JB+/lzll12,’lQ):|
5

= TI‘B (41)

where ay; 1= ay — a;. “Taking out” of the second expo-
nential the Hamiltonian Hpg, we obtain,

Trg [e—(ﬁ—u)HBe—u(HB+/la,/$[B+/12a12,JQ)]

— e_u(/lza/z/JQ)TI'B I:e_ﬁHBe_/lal/’lT fou dSB(S)] , (42)

with B(s) := e*M8Be™Hs = 3, gi(e"b] + e~ by). The

—Aay (T [ dsB(s)

time ordered operator e can be split in two
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as follows,

o= Aar T [ dsB(s) _ e—/lzaf,,,f(u) Aar B=u) e—/laI/JBT(u)’ (43)

with f@) = —uQ + T k(@@ — 1), By =

Dk Z—’;(e‘”‘”k — Dby, and BT (w) = 3, Z)—’;(e”‘“k - l)bj{'.
The above decomposition can be demonstrated as fol-
lows. We denote the left-hand side of {@3) as L(u) :=
e~ ar T [ dsB®) and the right-hand side by R(u) :=
e_/lzalz”lf W) pday B(=t) p=Aay 1 B'(w) By definition of the time
ordering operator, or alternatively by taking the time
derivative with respect to u, the left-hand side of (@3]

satisfies the differential equation
0 -
a—L(u) = —Aay B(u)L(u). 44)
u
Now, by taking the time derivative with respect to u of

the right-hand side of (43), one obtains the following
differential equation

ﬁR(u) =

0 0
o —Aza,%,@ ) + Aay =—B(=u) | R(w)

9
—/lalr,lR(u)aBT(u). (45)

Using the expressions of f(u), B(u), and B (u), we ob-
tain,

Liw = -0+ Y % g
Oou — wi ’
ﬁB(—M) = - Z gre by
ou - ’
0
2Bl = D e b, (46)
u k
Then, with the help of the identity
) d i
R 5-81) = | =870 + dapy Y, “E(1 - )| R(w)
u ou Wi
(47)
and the discrete version of the re-organization energy
2 (00
0= %‘k = fo dw%“’), we arrive at
9 uwy 3, t —uwy,
2-R@w) = —day, D" gk (e"b] + e be) | Rw),
k
(48)

which is exactly the same differential equation as (44).
Since the initial conditions are the same, namely R(0) =
L(0) = I, we conclude that R(z) = L(u) for all times u.
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A simple way to conclude the computation of the trace (#2) is using the normal order representation of the
operators. Using the following formula [58| p. 116]

(o)

t - 1"
e¥e'a Z ) (aT)n n (49)
n=0
where « is a c-number and a', a are bosonic operators, we obtain,

Trp | e~ B-10Hs ot Aar, 1B+, ]Q)]

22 22 —Bwx _ 1)1
oL 0) = fpy ) (50)

e 8w | o [ Z (e

2
—/12612/ Z % (e"“k—1) d2 — Uw, ﬂwk — 1 9k (,—uwy _
— e vk 2 l_[ f a’ke Aap 4 (e k—1)ar; Z (e )" S klzneﬂazczwk(e k—1)ak (51)

P \Je T

(b};)nbz] e/la,/’,B(—u)

2

-12d% 4 k-1 2 9k T Ik —

P TP )l_[ f A7 a2 e =110 ek Doy a2 (k= a
e T

2 2
_ btk (‘f”w" l)l—[ dxkdyke(e‘ﬁ“’k—l)(xk+yk)+/la,/ Ik ¢k =k ) +iday L (¢ K +e k=2
X R2 T

_ MW _mHw)
1- eimkﬁ

»N‘»l\)

Il
;4
w
w
M
=~
a~
—~
N@
3
»-
3
”:l

1 ) /122[2

242 [ZA qk (e““’k 1)( 1 E:Z)l:fi)
= Zge ¢

/122 oo/(ll)) uw_ 1y 1= |—e~Uw
= Zge Vb Fe )( =) (52)

where Zp = Il; (W) = Trp (e‘ﬁHB ) In line (]3_TD, we used the property of the coherent states |ax) which form an
over-complete basis of the Hilbert space of the k-mode, so that the trace of any operator Oy acting in that Hilbert

2
space can be computed as Tri(Oy) = fRZ %(aklOklak). Additionally, we expressed in the last lines the complex
variable ay explicitly in term of its real and imaginary part a; = xj + iyx.

7.2 Important property of f,,(3)

By applying the change of variable v = 8 — u, one can re-write f;(8) in the form

B 2& f°° J(r_u) (B2 4 = wBI2_ yw(u—B2) _—w(u—p/2)
fl,l’ B = f duei e 1o w? B2 _e~wp/2
0
B 2 2 [oo /(m) 0B/2 4~ wB[2_ w(v-B[2) _,~w(v-B/2)
= Powr f dve™ @ e—/l ap,[fo w? B2 g=wB2 . (53)
0

Then, one can easily verify that p}® f;/(8) = p;’ fr /(8). This implies in particular that {a/[og’lar)* = {ar|o§las), as
required by the Hermicity of pg’.
7.3 Higher order terms

As explained in Section [3] we consider only the first two terms of the infinite sum in Eq. (T4). In Section[3.1] we
gave an intuitive argument to justify that the second term as well as all following terms in Eq. (T4) converge to zero
when the coupling strength increases. We now come back to this point an provide a more rigorous argument.
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For simplicity, we focus here on the spin-boson model used in Section[d] while this could be easily extended to
arbitrary systems. . Combining Egs. (I3) and (14}, we start re-writing the exact expression of p§’ as

oy = ! le‘ﬁ’” D Tin+ e N T, (54)
n=0 n=0
with h, = (+|Hg|+) = +€/2, and where
el ] Un—1 ~ ~ ~
Topi=(-1) f du f dus... f dun| )£ Trg [ Z5' e P10+ HE ) HE (). HE ()|, (55)
0 0 0

with Hp 1 := Hp + AB + 12Q, T+ = |+)(+| and

Z [Se] [e6]
2= T8 = PP Y ATl + P Y T l). (56)
B n=0 n=0
We then work on the integrand
ten 1= |EXETrp e P HEP ) HEM (ug)... HE (un) | (57)
Starting with ¢, ,, we have
ton = )(HTrp|Z5 e PH0e HEM ) HE® (). HE (1) |

= Zg'[+)+[Trp

ePHE (R 10 4 )(—fe o e 1 Hn g @1t | (e 1 )
xflgf’h(uz)...ﬁg"h(un)}

= Z§1h+,_e”1“’+»‘|+><—|Tr3[e_(ﬁ_”1)HB'+e_”lHB"Iflg"h(uz)...flg"h(un)]

= Z§1h+,_e”1“’+»‘|+><—|Tr3[e_(ﬂ_“‘)HB~+e_”1HB~‘

X (Ry 20 ) (—fe 2 r g7 oy 200 || 2B e M) FHEOM (). HEM ()

= Zt_zlh+,—h—,+eulw+’_€uzw_’+|+><+|TFB

e~ B-uDHp =(u1—u2)Hp - ,—urHp fl§°h(u3)...ﬁ§°h(un)]

n
— Zgl (%) ee(ul—uz+...—(—1)”u,,)

XTrp e~ B-uHbs p=(ui—u)Hp— =1 =) Hp -t p=ttnHp yn

[+X(=D)", (58)

since iy~ = h_, = A/2 and w4 _ = —w_, = €. Reproducing the decomposition used in Eq.(2) and (@3)), we obtain
e~ iHpx — e—/lzf_(a[)e—a[HBei/lB(—ai)e¢/lBT(ﬂ/i) (59)

with f(a;) := 3y %%(e"”“’k — 1) and «; = u; — u;1. The aim is now to re-write
e_(ﬂ_ul)HB,+e—(M1—uz)HB,f“‘e*(”n—l*un)HBY(_l)n—l o UnHp 1y (60)

in normal order so that we can compute the trace. To have a better understanding of how we will proceed, we first
consider the simpler situation where n = 1. We have, using (59) twice,

o~ B-uDHs . gmiHp o _ =8 f(p=ur) ;=2 f(u) = (B-u)Hp pAB(~f+u1) p=AB" (B-11) p=1u1 Hp (= AB(—u1) B (1) (61)
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Using the properties

e)(kbke_aiwkb’tbk — e—aiwkb,tbke)(keiaiwkbk

T T T ot
e/\/kbke—aiwkbkbk — e_aiwkbkbkeXkealwkbk (62)
for arbitrary coefficient y;, we have

- p 9 - - 9k - ¥ ;
o~ B=uHps ymuiHp— _ =22 [(B=u1) ;=22 flur) ,~BHp LA Tk e 1% (e Bruper—1)by o ATk R G o~ ABu) AB ()

(63)
We finally use the identity
e)(kb,t eSOk — g XkEk LD e)(kb,t , (64)
to obtain,
_ _ _/122 ie”l‘”k(e(ﬁ_“l)wk—1)(e_"’l‘“k—1)
e—(ﬁ—ul )HB,+e—uI Hp- _ e—/lzf(ﬂ—ul)e—/lzf(u] )e k w? e_,BHB
et Tk P R U VT G DI Y I [k (eWDk—D)—(eM1 k= 1)]b . (65)

The above expression is not yet in normal order, but once injected in the trace, one can use the permutation property
as in the previous section to obtain an expression in normal order, exactly of the same form as in (50), the only
difference being the coeflicients in front of the annihilation and creation operators by and bz. We then proceed to the
computation of the trace exactly in the same way as in the previous section. We obtain something of the form,

TrB[e(ﬂ”‘)HB*e”'HB’] = ZBe%Z‘P*”(ﬁ’””, (66)

where W, _(8, u1) is a real function.

If now we consider the term n = 2, we can use the above form for e~ B-#DHz+ p=(1-1)Hs - ap( then split e 2B
using (59). We obtain an expression of the same form as (61)), and thus one can repeat the above steps to reach an
expression of the later form (66)), namely,

Trp |:e—(,8—u| )HB,+e—(u1 —MZ)HB,—e—u2HB,+:| — ZBe—/lz‘P+,—,+(ﬂ,M1 »u2)' (67)

We can repeat the same procedure for any n, obtaining

TrB |:e_(ﬁ—ul )HB,+ e_(ul —MZ)HB,— B .e_(un—l _u")HB,(—l)”_l e_”ﬂHB,(fl)” ] — ZBe_/lz\P+‘7’+""'(7l)n (,B,ul ,uz,...un)’ (68)

where W, _ . (1y(B, u1,uz,...u,) is a real function.
Having this result in mind, one can obtain a more direct form of W, _ . _1y2(B, u1, us, ...u,) simply by computin
g s=rsees(=1) ply by puting
9? H
ﬁTrB[6_(‘;_”1)"“"9’+ e —uHs | o=t Hy (it e_u"HB’(l)n} : (69)
|A=0

After computing this second derivative and evaluating it in A = 0, followed by some simple algebraic manipulations,
we arrived at

2
Wit 1y (Bour, ug, tty) = —l6_2Tr3[251e_(B_”l)HB’*e_(”l_”z)HB*...e_(””‘_““HBx1>"‘e‘“nHBv<—1>"
202 10
= > =DMy, (70)
0<i<j<n
with

9
M;; = Z _’;(nwk +1) (e—btiwk _ e—MH-IUJk) (e—(ﬂ—u;)wk _ euka) , (71)

w

. %k
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and

Mi; =

i<j

2
Z ﬂ[(e—uiwk — TRk (M —
T

with the convention ug := £, and u,
section. We finally obtain for ¢, ,,

€Y (g, + 1) + (€1 = 4010 (79N — e ) |,

(72)

= 0. One can verify that for n = 1 we recover the expression of the previous

A " n +jag. .
tin = (5) e —urt..~(=1) un)e—/lz Dosigjzn(—1 le,j|+><(_1)n|. (73)
Repeating a similar derivation we obtain for 7_,,
A\ ) i
on = (5) et 1) = Soceyen DMy ) (74)

(only € is changed to —e¢).

Although we now have an explicit expression of #;,,
the nested integrals over the u; appearing in (53)) are still
challenging in general. Thus, as in the main text, we
proceed by looking at the high temperature regime, char-
acterized by fw, <« 1, where w, stands for the cut-off
frequency of the bath spectral density. Consequently, we
can expand all exponential functions appearing in the co-
efficients M; ; (since all u; are smaller than 3). We obtain
the following simple expressions

M;; = %(ui —uir1)(B — u; + Ui1)
M;; = —22(141' — i) (Uj — Ujs1) (75)
i<j B

Using the above expressions, one can see easily that for
n =1, we have Yoqcjc (1) M; ; = 4%“1% - uy), re-
covering a result from the main text. For n = 2, one
obtains Y o< j<2(~1)"/M; ; = 49 5 —uw)(B—uy + uz).
More generally, one can show by iteration that for arbi-
trary n,

D, DMy =

42(1/!1 — Uy +uz—..
0<i<j<n B

Aty)

X(B —uy +uy —uz + ...up).
(76)

Finally, we obtain

A n Un—1
o _( ) f f f duyduy...du,
+€(u1 Uy, u") —4/12Qﬁu1 uy+.. un _u uzﬁ+ un)
X[ (+(=1)"]
_ ﬁA)”

f f f duiduy...du,

Plxe- 4/12Q)(u1 u2+...u,,)e4/l OB(uy —uo+...1n)? |+ ) (=1,
(77)
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Additionally, we can show that for n impair, T, =
eT_,,, which guarantees the Hermicity of pg’. Note
that this relation does not hold for n pair, which does not
affect the Hermicity of pg’ since corrections of even order
affect only the populations.
Beyond that, since (11 — up + ..
the following simple upper bound,

An 1 Uy Up—1
Tinl < (ﬁ—) ff f duydus...du,
2 0o Jo 0
X

P —ur+utn)

.uy) € [0; 1], we have

(78)
implying
Tl < %(%A)nefﬁ (79)
and
n
T_al < %(ﬁ?) (80)

which ensures that the higher order corrections |7 ,| van-
ish quickly as n increases. Additionally, for a fixed n,
we can show numerically that |7, ,| goes to zero as A
increases (see plots in Fig. [5)), confirming that for large 2,
only the first few orders are enough to obtain a good
approximation of pg'.

3]

Here we provide some brief analytical comparison be-
tween our results and the one obtained in [53]. As de-
tailed in Section E], the result from [53]] applied to the
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Figure 5: (a) Plots of T, ,/(=BA/2)" in function of A*Q in unit of €, for €8 = 2, and n = 1 (yellow dots), n = 2 (orange dots),
n = 3 (red dots), n = 4 (purple dots), n = 5 (black dots). (b) Zoom in of the plot of T+,5/(—ﬁA/2)5.

spin-boson model gives (0) in the basis of o, {|+),|—)}.
In the regime where w8 < 1, we obtain

pur = 5 (1= F) s
B

AB 542
=€ PP+ 1)) 8D)

For comparison, if we take the limit S1°Q < 1 (and
€28/2Q < 1) in the expression (33) of f;_(B), we ob-
tain, using DF(x) = x + O(x>) for x < 1,

1 —€} €/
Py = —h (e7B21e)(+ + eP2-)(-)
AB B
T (1 " 8A2Q)Ux' ®2

Both expressions are equivalent when applying 128 < 1
to (BT). However, in the opposite limit, when 812Q > 1,
the expression (33)) becomes

1 -
Ps B 5 B2 (e P10+ + eP21-)(-)
A
—%O'x. (83)

This is significantly different from (@0). While in the
above expression the coherences vanish as 1/4%Q, they
vanish exponentially in (0] and (8T).

As commented above, one can choose to perform the

same derivation starting from the “natural” Hamiltonian
7’(53 = HS +HB+/1AB, (84)

instead of the renormalized one Hg g defined in the main
text. Proceeding as previously, we have

e PHss = o BUHz+IAB) T [ duHs w) (85)
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with
7:{S (M) = eu(H3+/lAB)HS e—u(HB+/lAB). (86)
We now have
Hg+AAB = ) wxDibibiD) — 1 QA
k
= > laailHs,, (87)
l
with Hp, := Hp; — A*a;Q = Hp + Aa;B, leading to
M HBTAAB)  _ uylanailHp,
= > laaile ™. (88)
1
Then,
Hs@) = ) laale"™ HslarXayle™"or
L
= HY + AP ), (89)

where HYP = HY® = ¥, hja))a| and HM () <=
220y — 1242

Sier hirlary(ap|e" o=t e Qs =, 0) —

Dier hl,l/Ial>(al/|e“7{5»’e‘”7{3’l’. Again, similarly as previ-

ously, we obtain,

o T I duts @ ¢ BHE™ =T [} M)

(90)
with

~ pop ~ _ JJPoP
7'{§0h(u) = e”Hs 7_{§0h(u)e uHg

= D e |a)aple e Mo (91)
I#l

arriving at

_q (B gy Fqcoh
Zsg Z e Plijayy (e PHE T Jy H W,
7

th
Psp

92)
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Finally, the main change is that we are led to
compute Trp [e"m{&’] for the zeroth order, and

Trp [e‘ﬂ(HBJ e"Hai e‘”(HBJ’] for the second order, instead of
Trp [e‘ﬁHBJ eHi1o=uHpy ] We have,
Trg [e*ﬁ‘HB,l o Hpi1 p~uHpy ]
= Trp [ P ROl a0 iy P 0)]

Try [e—(ﬁ—u)HBe—u(HB+/la,/v,B+/lzal2,JQ)]

% eﬂQLBa%m(a}, —a,z)]. (93)
With that, we obtain
oy = Dopflaal = Y. PP hufeBlaar)
1 AT
%94)

where p?s = e‘ﬁ(’”_“lz”‘z@ /Z:?;S = ¢ Pl /Z‘}S is the renor-
malized population, with h; := h; — alz/le the renormal-
ized “pseudo-energies” (diagonal elements of Hy in the
eigenbasis of A), Z% := 3, e, and

B
fir(B):= | du
0
(@) 0BI2 4gmBI2_ o)) _ymwlu=p/2)

_ 2.2 o
Uy e"l p g fo do< 5 BI2_g-wBl2

xe

>

95)

with @;p := h; — hy. Additionally, one can also verify
the identity p?sfur ®B) = p?,sfp,l(ﬁ).

Conclusion. If we do not renormalize the Hamiltonian
initially, the expressions are un-changed up to the sub-
stitution of /; by h;. The renormalization has to happen,
either initially, either finally. Note however that #; is
not changed. One must be aware of these differences
of choice especially when defining the strong coupling
regime.

Similarly as for f;y(8), when the bath spectral density is
such that J(w) vanishes for w > w,., where w. < ﬁ_l, we
have

5 )
fl’l/ (ﬁ) ~ f dueu[ul,l’ e_/lZaIz’,Iu(l _E)Q
0
1 (B { [ 1 (B s, _ ]
= —{DF|——+/=%a; ,0 — wr)
Aar N Q 2y | N @ TE T M

_ 1
(96)
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Note that /l2a12,’lQ — oy = 222Qala; - ar) — wiy and
/126112, lQ + iy = 2/12Qalf(a1/ —a;) + wyp. Thus, in
the s7tr0ng coupling regime when A2Q > max; || and
A20B > 1, it is still legitimate to approximate the func-
tion DF(x) by 1/2x, which gives,

1 1 B
22%Qay,p (a_l Cap )

f1.0(B)

e@LrB

NG 1 ) »
+— 5 = + O /l ’ .
4/14Q2a12,l' [alz alz, ) [(A°Q/wir) ]
97)

Here, we compare our general first order result, Eqgs. (20)
and (21)), with the general first order expression for the
steady state coherences obtained in Eq. (56) of [44]. This
expression was obtained through projection operator tech-
niques [28,59,/60]], by choosing the operator P project-
ing the system’s state onto the diagonal subspace (in the
eigenbasis of the unperturbed Hamiltonian). Thus, the
non-diagonal elements can be obtained by establishing
and solving the dynamics associated with the complemen-
tary operator 1-P (section IV.A. of [44]]). The steady state
coherences are then deduced by taking the time to infinity.
One should keep in mind that the master equation derived
in the strong-decoherence limit in [44] is valid when the
bath spectral density is such that lim,,_, % is non-
zero (and possibly infinite). This condition, satisfied by
usual spectral densities, guarantees that the unperturbed
dynamics in [44]] leads to full decoherence, which is the
starting point of the projection technique used therein.

To make the comparison easier, we re-write in the
following the results of [44] using the notations we have
been using here. Additionally, in order to simplify the
presentation, we consider a simple coupling of the form
Vi = AAB instead of the general one V; = Y, AqBy
considered in [44]]. With that, in the eigenbasis {|a;)}; of
A, the result of [44] takes the form

ot = (adog™lar)

00
. _/12 2 * s —io
= lipp f dre~ @ G =iQ] iy T
0

_ip? f dre— @G0l e—ia;,’,m]
0
(98)

with pj* := e Bhi-a; Q) /L3 = e P /Z3 is the renormal-
ized population introduced in Section with h; =
hy — aIZ/lZQ the renormalized “pseudo-energies”, and
Z% = Y,e PN Additionally, we defined G(r) :=
j(;rdsl fosl ds>cp(sy), and

cp(s) = Trp[e™s Be™H5s gpihy. (99)
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The superscript “ME” refers to the master equation nature
of the derivation [44].

Our result can be expressed as (using the results of the
derivation with no initial renormalization of the Hamilto-
nian, detailed in Section since it is the choice made
in [44]),

= AalpSlar)

B
= hpy f due~ LG +uQ) iy
0

SS
Py

ﬁ 2.2
= —hypy f due™ " W NGO uior; (100
0

where we used in the second line the identity p;*f; »(8) =
p;fr1(B), shown in Section Now, let us consider the

integral of the function ¢ ¢ @l oy extended

to the complex plan along the contour C defined as
u:0—-p - B+ix — ix — 0, where x is a positive num-
ber that later will be taken to infinity. Since it is a closed
contour, the integral is equal to zero (as long as G(u) is an
analytic function). Additionally, when the bath spectral
density satisfies limg, 1o (_02)) > 0, the real part of the
function G(x) tends to +oo as x increases. The condition
limg,— 400 % > (0 is precisely the condition of validity of
the results in [44]]. This is not a coincidence. The validity
of the master equation in [44] relies on the full decoher-
ence of the unperturbed dynamics, which is guaranteed as
long as G(x) tends to +co as x increases, which itself re-
sults in the condition lim,_ o (“’) > ( on the bath spec-

tral density. Then, the integral of ¢V (G0l yuiy,

tends to zero on the segment 5 + ix — ix for x — +oo.
As aresult, we have

B+ix

due— W NGiw+ul uay

hiypy lim

xX—+00
B

+hll’pl/ Em f due l’ [G(=iu)+uQ] P

= il l’pl/ f
—ihl,['p;Sf
0

+00
. /12 2 _ ,
= ihyp® f dre” V6" (O=iT0] mitdy
0

+00 i
—ihyrp) f dre”
0
ss,ME

which is precisely equal to the expression (98)) of J oy
Note that in the last line we used the identities psseﬁ‘”l’l =
pl and G(t — iB) + (it + B)Q = G*(1) — itQ (as well
as wy; = —wyyr). This concludes the proof that the

SS
Py

/12a2 [GE=iB)+iT+B)Q] TP

/12a2 JNCO+it0l iray

ay |G@O+iTQl —ir@,y

(101)
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expression derived in this paper coincides with the ex-
pression obtained in [44], although they have been ob-
tained from very different methods and starting point.
The equivalence of the expressions is guaranteed as
soon as the results in [44] are valid (namely, as soon
as limy,_; 400 J(“’) > (). As reminded in the main text, this
is an important step forward since it proves that the mean
force Gibbs state is indeed the actual steady state (at least
up the first order) even when the system interacts strongly
with the thermal bath.
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